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THE r-STABILITY OF HYPERSURFACES WITH ZERO
GAUSS-KRONECKER CURVATURE

MARCOS P. A. CAVALCANTE

ABSTRACT. In this paper we give sufficient conditions for a bounded domain
in a r-minimal hypersuface of the Euclidean space to be r-stable. The Gauss-
Kronecker curvature of this hypersurfaces may be zero on a set of capacity
Z€ro.

1. INTRODUCTION

Let M be an oriented hypersurface of the (n + 1)-dimensional Euclidean space
and let ¢ : M — S™ denote its Gauss map. The shape operator of M is the
self-adjoint map given by B := —dg, that is, for each p € M,

B, :T,M — T,M, By(X) = —dg,(X).
The eigenvalues of B,, are called the principal curvatures of M at p. We denote

them by k1(p), ..., kn(p) and we define the r-mean curvature of M as the normalized
r-elementary symmetric function of the principal curvatures of M, namely,

1
Hy=1, H, = <”) Sp r=1,...,n,
T

where S, = Z ki, ...k;,. Notice that Hy, Hy, H, are the mean, scalar and

11 <. <0y
Gauss-Kronecker curvatures of M, respectively.

We say that M is r-minimal when H,; = 0. It is well known that the r-minimal
hypersurfaces of the Euclidean space are critical points of the r-area functional
A= A SrdM for compactly supported variations of M.

In order to state our results we need more notations. Let P, be the Newton
transformations of B, which can be defined inductively by

Po=1IP.=S.I—BPr_y, =12 .n.

Let C§° (M) denote the set of smooth functions with compact support on M. Using
the Newton transformations we define the linear operator

L.(f) =div(P.Vf), for fe C&(M).
We denote by T, the Jacobi operator,
Trf = L'rf - (T + 2)Sr+2f7
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and by I,.(f1, f2) = — [, 1T, (f2)dM the associated bilinear symmetric form.

Let D be a regular domain on M, that is, D is bounded and has piecewise smooth
boundary. Following [1], we say that D is r-stable if I,.(f, f) > 0 for all f € C5°(D)
or if I.(f, f) <0 for all f € C§°(D). Otherwise we say that D is r-unstable.

In the study of r-stability we need to suppose that L, is elliptic. This is equivalent
to P, being positive definite or negative definite everywhere. On the other hand,
by a Theorem of Hounie-Leite in [7], it is known that, when H,,; = 0, then L, is
elliptic if and only if rank(B) > r. In the following, without loss of generality, we
will fix P. > 0. Also, the eigenvalues of the operator /P, B appear naturally and
we will denote them by 61 (r), 02(r), ..., 0, (7).

In [1] Alencar, do Carmo and Elbert gave sufficient conditions for a regular

domain on a r-minimal hypersurface of the Euclidean space to be r-stable. Their
| Hn|

TVPBTE is constant. In this case the

general result assumes that the quotient
hypersurface is said to be r-special.

Theorem A (Theorem 1.3 of [1] ). Let x : M™ — R"™*! be an oriented r-special
hypersurface with H,,; = 0 and H,, # 0 everywhere. Let D C M be a regular
domain such that the area of g(D) C S™ is smaller than the area of a spherical cap
whose first eigenvalue for the spherical Laplacian is

s

Then D is r-stable.

This Theorem is a generalization of a classical result to minimal surfaces of R?
due to Barbosa and do Carmo in [3]. We point out that the hypothesis of M to
be r-special occurs naturally when r = n — 2. In fact, a computation shows that

[Sa] _ 1

I\/Po2Bl2 7

In this paper we are interested to improve the condition on the Gauss-Kronecker
curvature considering points on M for which H,, = 0. A simple example, like a
cylinder over a plane curve, shows that H,, cannot be identically zero. In [1], remark
4.2, was conjectured that Theorem A holds if the set of zeros of H,, is contained in
a submanifold of codimension d > 2. Here we answer this conjecture affirmatively
as a consequence of a more general result. We will consider hypersurfaces with
H, = 0 on a subset of capacity zero (see below the definition of capacity). It is
known (see [8] §2, p. 35) that submanifolds of codimension d > 2 have capacity
zero. In section 2 we will give definitions and develop some facts about capacity.
To state our result we will denote by A the set A = {p € M : H,(p) = 0} and
by A1(D) the first eigenvalue for the Laplacian on D. We also point out that,
since symmetrization of domains in the sphere does not increase eigenvalues, the
hypothesis on the first eigenvalue of the spherical image of D in Theorem A implies
that A1 (g(D)) > 7. For simplicity we will use this condition on our result below.

Theorem 1.1. Let M be an oriented r-minimal hypersurface of R™1, which is
r-special on M\ A. Let D C M be a regular domain such that A1(g(D)) > 7.
Then, if Cap(D N A) =0, D is r-stable.

The idea of the proof is to use a relation between the eigenvalues of domains
from which we remove a subset and the capacity of the removed subset. Actually,
we need just a comparison between the first eigenvalues of P. on D and on D \ A.
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This relation is well known for the Laplacian and we can find in [8], for domains of
the Euclidean space, and in [4], for domains of a closed Riemannian manifold. Here
we obtain such results for an elliptic operator L in divergence form on a bounded
domain D of a n-dimensional Riemannian manifold M. Given A C D, let \x(D)
and A\;(D \ A) denote the k-th eigenvalue of the Dirichlet problem of L on D and
on D\ A, respectively. We have the following result that will be proved in the next
section

Theorem 1.2. For an elliptic operator L in divergence form there exist positive
constants € and Cy, such that if Cap A < e, then

(D) < Ae(D\ A) < \(D) + Cj, Cap A=
In particular, \,(D) = M\p(D \ A) if Cap A =0.

2. THE SPECTRUM OF DOMAINS AND THE CAPACITY

In this section we introduce the notion of capacity and recall some spectral
properties of domains in Riemannian manifolds. In this section we also prove
Theorem 1.2.

Let (M™, (, }) be a smooth Riemannian manifold and D C M a bounded domain.
As usual, we define H}(D) as the closure of C§°(D) with respect to the norm H!:

|2 ::/ u2dM+/ |Vu|>dM, for u € C§°(D)
D D
where V is the gradient, |.| is the norm of a vector, and dM is the volume element
with respect to the metric (, ). Now, given A C D, we set
H(D;A) ={ue€ Hy(D):3U C Dopen, ACU and u =1 in U}
and H(D; A) as the closure of $(D; A) with respect to H'. With this notation we
define the Capacity of A as
Cap A = inf {/ |Vul>dM :u € H(D;A)}.
D

Below we have some well known consequences of this definition (see, e.g. [5], §4.7).

Proposition 2.1. For any A C D we have,
i) Cap A = inf{Cap U : U open, A C U};
ii) If Ay C .-+ C A, C ... are compact subsets of D, then

kh_}rgo Cap A, = Cap ( Nk Ak).

We will use the notation V¢(A) to mean the tubular neighborhood of A of radius
g, that is, VE(A) = {z € M : dist(z, A) < €}, where dist(, ) stands for the distance
function on M. Using this notation we have the following consequence of the above
proposition:

Corollary 2.2. If A is compact, then
lim CapV*(A) = Cap A.

E— 0O

In the case that A is a submanifold of codimension d > 2 we can say more:
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Proposition 2.3. If A is an embedded submanifold of codimension d > 2 then
there exists a family of open sets V; D A such that N;V; = A and

CapV; — 0 as j — oo.
In particular, Cap A = 0.

This proposition follows from minor modifications of Theorem 3, page 154 of [5].
Now recall that, H}(D) is a Hilbert space with respect to

<U1,UQ>*:/<VU1,VUQ>(1M.
D

In fact (, ). and (, ) g1 yield equivalent norms, as we can see by using the Poincaré
inequality

|U|L2(D) < C|V’UJ‘L2(D).
Hence H(D; A) is a closed (affine) subspace of Hg (D) with respect to (, ). Let ua
be the orthogonal projection of 0 on H(D; A). By definition we get |VUA‘%2(D) =
Cap A.

Now we start the proof of Theorem 1.2 following some ideas contained in [4].
Here we will consider nonempty boundary domains and general elliptic operators
in the divergence form.

For each € D, let P, : T,M — T,M be a symmetric, positive (or negative)
definite operator. We define, for eachf € C§°(D),

Lf =div(PVf)+4qf,

where ¢ : D — R is a bounded function.

We consider the unique extension of L to Hg (D). Then, L is an elliptic operator
and let us denote by {Ag < A} < Ay < ...} the spectrum of the Dirichlet problem
of L on D, repeated according to its multiplicity.

We recall Courant’s min-max principle for the eigenvalues of L on domains of
M:

PV, Vf) +qf?)dM
Ae(D\ A) = min max fD\A(< 5V +4f) )
Ec&r feE\{0} fD\A f2dM

where &, is the set of k-dimensional subspaces of Hg(D \ A). The quotient above
is called the Rayleigh quotient for f.
In order to simplify some calculations below we set

Q(f; D) = /D(<PVf, V) +qf?)dM.

So, the Rayleigh quotient for f in D is given by Q(f; D)/\f|2L2(D).
By using the analogous characterization for Ay(D) we easily obtain the first
inequality of Theorem 1.2. In order to obtain the second inequality we choose

fi,..., fr, an orthonormal basis of eigenfunctions associated to A1(D),..., \x(D),
and set F} the space generated by fi,..., fr. Then Fy, C H}(D) and
;D
Ae(D) = max QU5 D)

B FeF\{0} |f‘%2(D) '

We now define Ey, = {g = f(1 —ua): f € Fy}. It is clear that E,, C Hi(D\ A)
is a finite dimensional subspace. We will see that, when A has small capacity, then
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E}, has dimension equal to k. In fact, the functions g; = f;(1 —ua),j =1,...

form a basis for E}. We have that
(9i9i)12(D) = 0ij — 2/ fifjuadM +/ fifusdM.
D D
Thus, using the Cauchy-Schwarz and Poincaré inequalities we have

[{9i,9j) 12(D) — 0iz| < 2’ /DfifjuAdM’ + ‘ /DfifjuidM‘
2 | (rtran) / 1)’ + max(fif;) | wnant

1
gck(/ uidM)Q +C,g/ w4 dM
D D

< Bi(Cap A7 + Cap A),

where By, is a positive constant depending only on vol D and rrllax | filLo=(p)- On
i

the other hand, we may choose €, > 0 sufficiently small such that, if Cap A < e

then
Bk(CapA% + Cap A) < min{(gs, 9;) 2(p) — 65 : 4,5 = 1,...,k}.

For such ¢ we have that g1, ..., gr form an orthonormal basis and consequently
E} has dimension equal to k as we claimed. Now we look for estimates of the
numerator of the Rayleigh quotient for ¢ = f(1 — ua) € Ek, where f € Fj and

|flr2(py = 1. We first observe that for any closed subset A C D.

(2.1) lgli2py =1—2 /D frusdM + /D f2uidM > 1 — B, Cap A%,

Now we have,

Q(g; D) =/ ((PVL, V) +af?] = 2PV, V flus + (PVf,V f)uy)dM

D
+/ ((PVua, Vua) f? — 2(PVf,Vua) f(1 — ua) — 2f%us + f2u?)dM
D

< Ai(D) 4 B}/ (Cap A + Cap AY/?),

where B;| depends only on volD, max;—1,... & |fi|lpe(p), maxi=1 . x|V fi|L~(p) and

maxp || P||.
Therefore, choosing €5 > 0 such that |g|2L2(D) > 0 in (2.1), we have

Q(g; D)
19172y

M\i(D)Bj, Cap A2 + By(Cap A + Cap A1/2)
1 — B, Cap A/?

< A\(D) +

We observe that, if Cap A < €, then we can estimate the second term above

M\ (D)Bj, Cap A2 + B}/(Cap A + Cap A/?) _ M(D)Bj Cap A2
l—B;CCapAl/Q - l_B/ 1/2

(By Cap A2 + BY/) Cap AV _ (\(D)Bj + Bi's; /24 B CapA1/2

1-— Bgei/Q 1- B,’Cs}ﬁ/2
= C), Cap A2,
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So,

;D
Q(f’ ) < Ap(D) + Cy, Cap A2,
‘g|L2(D)
This implies that

;D
A(D\ A) := max Q(Qg, ) < Ar(D) 4 Cy, Cap AY/2,
gE€EL\{0} |g‘L2(D)

and we conclude the proof of Theorem 1.2.

Corollary 2.4. Given a closed subset A C D with Cap A = 0 let {V;} be the family
of open sets given in Proposition 2.3 and let Az (D \ V;) be the k-th eigenvalue of
the Dirichlet problem of the operator L in D \ V;. Then

Me(D\V;) = A(D)  as j— oo.
In particular, if Ay(D\ V;) >0 for all j =1,2,..., then A\x(D) > 0.

3. PROOF OF THEOREM 1.1

We start by presenting an equivalent condition for r-stability. A simple compu-
tation shows that

trace(B*P,) = ||/ P B||* == 2912(7“)
i=1

On the other hand, Lemma 2.1 of [2] says that
trace(B?P,) = $1S,41 — (1 +2)S,42.
Thus, for r-minimal immersions, the Jacobi operator can be written as
T, = L, + trace(B?P,) = L, + ||\/P,B||>.

Using integration by parts, we have that

LU = ﬁJU%Vﬁtwv—uvﬁiBWf%ww
- AﬂJﬁvﬁ—n¢EBWFMM.

So, in the case P, > 0, to check that a regular domain D C M is r-stable we
just need to show that the last term above is always nonpositive or nonnegative for
all f € C§°(D). Similarly in the case P, < 0.

Now we fix € > 0 and denote D = D\ V¢(A). Then, the Gauss map g is a local
diffeomorphism on D*. Let ¢ : g(D®) — R be the positive first eigenfunction of the
spherical Laplacian A on g(D*?), that is,

Acp—&—)\‘igpzo in g(D?),
550 in ¢(D").
5=0 on dg(D?),

where A] = A1 (D?) is the first eigenvalue of A on g(D*®). Recall that, since D C D,
we have A\] > Aj.

In the following we will consider the pull back metric s by g on D¢ and denote
by V the gradient, by [] the norm of a vector, and by dS the volume element in
this metric. By Lemma 2.9 in [1] one have ﬁf = B2V, for smooth functions f
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on M and a simple computation gives [X] = |BX]|, for any tangent vector X. Also
we point out that, in the metric s, the Gauss map g : D¢ — S™ is a local isometry.
Now let ) = p o g defined in D*. Then % is positive and satisfies 81/1 +AjY=0in
De. Thus, by Corollary 1 in [6], we have that the first eigenfunction of the operator
A+ Aj is nonnegative:

31) 0< inf{/ (V5P ~Xif)ds: f e o(D%), | pas=1}.
€ DE

Now, since detg = S,, and the immersion is r-special on D?, we have dS =
|SpldM = c||v/P-B||?dM, where c is positive constant. Also, by hypothesis,
Af > A1 > 7. Thus

62 [ (E-sifus<c | (92 -rPIVEBFM

07 (r)

Observe now that p; = INGE i =1,...,n, are the eigenvalues of the operator

J 7

VP.B o
VBl Therefore, by definition
112
1 < VP.B ) !
T:=max — =max || ————
i e NIV

So,

2 2

JP.B )‘12
|[v/PBl|

Using this on (3.2), we have

¢ | (@12 =PIVEBFay

VP < ‘(

(fer)
IVP:Bl|

(i)
VP Bl

CT/DE (%ﬁ{f - f2)\|\/17rB||2dM

= o /D (WEBYAP - VBB )au.

Now, we recall that Vf = B~2V f and [X] = |BX] to find

[VP.BVf? = |\/P V[P

We conclude that, for any f € C§°(D*) with [,. f?dS =1,

0<er /D (B - IVEBIPS?)am.

This implies that the first eigenvalue of the Jacobi operator T, is nonnegative on
D# and thus, by Corollary 2.4, we have that first eigenvalue of the Jacobi operator
T, is nonnegative in all D. This shows that D is r-stable.

IN

Remark: In the case P, < 0 we may set Q, = —P, in the above computations to

conclude that
0<er [ (IWVQVIE = IVQBIEF) v,

On the other hand the Jacobi operator is given by
T.f = div(P.Vf) + trace(B*P,)
= —div(Q,Vf) + trace(B%*Q,).
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We conclude that the first eigenvalue of T, is nonpositive on D and therefore we
obtain r-stability according to our definition.
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