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Abstract

It is proved that the holomorphic quadratic differential associated to
CMC surfaces in Riemannian products S? x R and H? x R discovered by
U. Abresch and H. Rosenberg could be obtained as a linear combination
of usual Hopf differentials. Using this fact, we are able to extend it for
Lorentzian products. Families of examples of helicoidal CMC surfaces on
these spaces are explicitly described. We also present some characteriza-
tions of CMC rotationally invariant discs and spheres.
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1 Introduction

U. Abresch and H. Rosenberg had recently proved that there exists a quadratic
differential for an immersed surface in M2 (k) x R which is holomorphic when the
surface has constant mean curvature. Here, M (k) denotes the two-dimensional
simply connected space form with constant curvature x. This differential @
plays the role of the usual Hopf differential in the theory of constant mean
curvature surfaces immersed in space forms. Thus, they were able to prove the
following theorem:

Theorem. (Theorem 2, p. 3, [1]) Any immersed cmc sphere S? & M?(k) x R

in a product space is actually one of the embedded rotationally invariant cmc
spheres S C M?(k) x R.

The rotationally invariant spheres referred to above were constructed inde-
pendently by W.-Y. Hsiang and W.-T. Hsiang in [10] and by R. Pedrosa and
M. Ritoré in [15] and [16]. The theorem quoted above proves affirmatively a
conjecture stated by Hsiang and Hsiang in their paper [10]. More importantly,
it indicates that some tools often used for surface theory in space forms could
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be redesigned to more general three dimensional homogeneous spaces, the more
natural ones after space forms being M?(k) x R. The price to be paid in aban-
doning space forms is that the technical difficulties are more involved. The
method in [1] is to study very closely the revolution surfaces in M?(x) x R in
order to guess the suitable differential.

Our idea here is to relate the @ differential on a surface ¥ immersed in
M2 (k) x R with the usual Hopf differential after embedding M?(x) x R in some
Euclidean space E*. We prove that () is written as a linear combination of the
Hopf differentials ¥! and ¥? associated to two normal directions spanning the
normal bundle of ¥ in E*. This fact is also true when the product M?(x) x R
carries a Lorentzian metric. More precisely, if we define r as 72 = ¢/k for
€ = sgn Kk we state the following result:

Theorem. (Theorem 7, p. 25) The quadratic differential Q = 2HW¥! — &< v
is holomorphic on 3 & M2 (k) x R if the mean curvature H of ¥ is constant.

Our aim here is to explore geometrical consequences of this alternative pre-
sentation of (). We next give a brief description of this paper. The sections 2
and 3 are concerned with the existence and structure of families of isometric sur-
faces with same constant mean curvature on both Riemannian and Lorentzian
products which are invariant by certain isometry groups of the ambient space.
Our construction is largely inspired by that one presented in [8] and [18]. In par-
ticular, the explicit formulae for CMC revolution discs and spheres with Q =0
presented in [1] (see also [18]) are reobtained in Section 2 by elementary meth-
ods. In Section 4, we present the proof of the Theorem 7 and a variant of the
classical Theorem of Joachimstahl which gives a characterization of CMC rota-
tionally invariant discs and spheres in the same spirit of the result by Abresch
and Rosenberg mentioned above (see Theorem 8).

We also prove on Section 5 the following result about free boundary CMC
surfaces, based on the well-known Nitsche’s work on partitioning problem:

Theorem. (Theorem 9, p. 29) Let 3 be a surface immersed in M? (k) x R whose
boundary is contained in some horizontal plane P,. Suppose that ¥ has constant
mean curvature and that its angle with P, is constant along its boundary. If
e =1 and X is disc-type, then ¥ is a spherical cap. If e = —1, then X is a
hyperbolic cap.

The variational meaning of the conditions on ¥ could be seen on Section 5.
We end this section with a characterization of stable CMC discs with circular
boundary on M?(k) x R which generalizes a nice result of Alfas, Lépez and
Palmer (see [3]). Finally, on Section 6, we obtain estimates of some geometrical
data of CMC surfaces with boundary lying on vertical planes in M?(x) x R.

In a forthcoming paper (see [11]), one of the authors elaborates versions
of the results contained here for constant mean curvature hypersurfaces in
some homogeneous spaces and warped products. There, a suitable treatment of
Minkowski formulae gives some hints about stability problems and the existence
of CMC Killing graphs.



2 Screw-motion invariant CMC surfaces

2.1 The mean curvature equation

Let M?(k) be a two dimensional simply connected surface endowed with a Rie-
mannian complete metric do? with constant sectional curvature x. We fix the
metric edt? +do?, ¢ = 41, on the product M?(x) x R. This metric is Lorentzian
if ¢ = —1 and Riemannian if ¢ = 1.

A tangent vector v to M?(x) x R is projected on horizontal component v"
and vertical component v?, respectively tangent to the TM?(k) and TR factors.
We denote by (-,-) and D respectively the metric and covariant derivative in
M2 (k) x R. The curvature tensor in M2(x) x R is denoted by R.

Let (p,0) be polar coordinates centered at some point pg in M?(x) and the
corresponding cylindrical coordinates (p,6,t) in M?(k) x R. Fix then a curve
s+ (p(s),0,t(s)) in the plane § = 0. If we rotate this curve at the same time
we translate it along the ¢ axis with constant speed b, we obtain a screw-motion
invariant surface (for short, an helicoidal surface) ¥ in M? (k) x R whose axis is
{po} x R. This means that this surface has a parametrization X, in terms of
the cylindrical cordinates defined above, of the following form:

X(s,0) = (p(s),0,t(s) +b0). (1)

For b = 0 the surface X is a revolution surface, i.e., it is invariant with respect
to the action of O(2) on M?(k) x R fixing the axis {po} x R. Another interesting
particular case is obtained when ¢(s) = 0 and s — p(s) is just an arbitrary
parametrization of the horizontal geodesic § = 0, ¢t = 0. Here, the resulting
surfaces are called helicoids. We will see that helicoids are examples with zero
mean curvature. Helicoidal surfaces into Riemannian products M?(k) x R were
already extensively studied in [8], [16], [10], [1], [18] and [13], for instance. In
Lorentzian products, we will consider only space-like helicoidal surfaces, i.e.,
surfaces for which the metric induced on them is a Riemannian metric.

One may easily verify that X has constant mean curvature H if and only if
the following equation is satisfied:

DHW? = (ji — ipjsn(p)(sn2 (p) + b?) — 2=b% e (p)
—t(p® + i®)snz (p)es,(p), (2)

where W2 = sn2(p)(p? + et?) + £b?p? and derivatives are taken withj respect
to s. We suppose momentarily that the profile curve (p(s),0,%(s)) is given as a
graph t = t(p). Thus we put p = s above and find

W? = EG — F? = sn?(p)(1 + f?) + eb?. (3)
Therefore the mean curvature equation (2) reduces to

2HW? = —tsn,(p)(sn2(p) + eb?) — 2eb*isn, (p) — £(1 4 ei?)sn2 (p)sh,(p), (4)



where the derivatives are taken with respect to the parameter p. One easily
verifies that the expression

d (isni(p)

o\ W ) = —2Hsn,(p)

is equivalent to the equation (4) above. This means that

dt sni(p)

T r-on [snatoras (5)

is a first integral to the mean curvature equation (4) associated to translations
on t axis.

2.2 A Bour’s type lemma and rotational examples

Next, we will obtain orthogonal parameters for ¥ for which one of the families
of coordinate curves is given by geodesics on X. For this, we write the induced
metric on X as

(AX,dX) = (p° + ef?) ds® + (su2(p) + eb?) (A0 + U~2ebids)? — U267 ds®
2 ~, ~,
= % ds® + U?d0? = d3* + U?d6?,

where ds = % ds and df = df + U2ebids. These differentials could be locally
integrated and furnish an actual change of coordinates on . For revolution
surfaces (i.e., for b = 0) such change of variables is not necessary. More precisely,
it consists only in to assume that s is the arc lenght of the profile curve s —
(p(s),0,t(s)). For helicoids we have { = 0 and then the change of variables is
again useless since here we may choose p = s along the rules of the helicoid.
Since that W and U depend only on s, then § is a function of s only with
% = % Notice that

W2 sni(p)(p* +ef?) +eb’p* 5, esni(p)i?

U2 snZ(p) + eb? =7 snZ(p) + eb?’

Thus the functions 3, 6 satisfy the system

2
=2 _ 1.2 esn;(p) 2
ds® =dp” + 02 (p) + 2 dt=, (6)
_ b
df = (sn? b2)1/2(d6 E7dt. 7
U (sny;(p) + €b”) ( +Sni(p)+562 ) (7)

The coordinate curves § = cte. are geodesics on ¥. In fact, if we consider
the frame e; = 5 and e; = U~'9; and the associated co-frame w! = ds and

w? = Ud#, then W = % w?. So, if V denotes the induced connection on ¥ then
Ve,e1 = Vp.0; = 0. These geodesics intersect orthogonally the curves § = cte..



This allovx{s us also to prove that the intrinsic Gaussian curvature Kj,; of ¥ is
simply f%.

Now, given the (natural) parameters (5,6) on ¥ and the function U(5) we
want to determine a two-parameter family of isometric immersions X, : ¥ —
M?(k) x R in such a way that the immersed surfaces X,, (%) are helicoidal
and have induced metric given by d3% + U 2462. Moreover, we require that
the original immersion X belongs to that family. For this, it suffices that the
equations (6) and (7) are satisfied by coordinates p, 0,t as functions of §, 6 for
some positive constant b. We refer in what follows to the original immersion
and its pitch by X and bg. From equations (6) and (7) we have

U 1

2 T m )

for some non zero constant m. This defines the first parameter of the family.
The other one is the varying pitch b. We have Xg = X1 ,. Following [8] and
[18] we are able to integrate the system above obtaining

5 mAU202 vz
o = [ (et o) )

) m2U? — eb?)(1 — k(m2U? — eb?)) — m* U202\ "/
) = [ (e ) ) o

mU 4i
m2U? — b2
~ 1 = b
0(s,0) = —40 . 11
(5,6) m +/mU(mQUQ—abg) (11)

| (m2U? = eb?)(1 = K(m?U? — eb?)) = m*U20? 1/2 &
1 — Kk(m2U? — eb?) *

with sn?(p) = m2U? — eb®.

Theorem 1. Given a helicoidal surface Xo : ¥ — M?(k) x R, with pitch by,
there exists a two-parameter family of isometric helicoidal surfaces parametrized
by Xmp : X — M?(k) x R with pitch b such that Xo = X1, with coordinates
given by (9)-(11).

We now calculate the components of the second fundamental form and the
mean curvature of these surfaces with respect to the parameters (3,60). Under
the change of parameters (s,0) — (3,0) the second fundamental has coefficients

§=——5\/e((m2U2 — eb?)(1 — K(M2U? — eb?)) — mAU2072),

and

b

m2U

f= V1 — k(m2U2 — eb?)



and using the expression obtained above from Kj,; and the Gauss’s formula

m2UU + T *;n";;%;bz) U2- (1 — k(m2U? — Eb2))

( m2U?

Ve((m2U? — eb?)(1 — w(m2U? — eb?)) - miU202)

é:

So, all surfaces X,, ; parametrized by the coordinates (9)-(11) have the same
constant mean curvature H if and only if U satisfies the following ordinary
differential equation

kmAU?
1 — k(m2U? — eb?)

2H R =m?UU + (m® + )U? —e(1—K(m*U? —eb?)), (12)

where

R= \/5((m2U2 —eb?)(1 — k(m2U? — £b?)) — mAU2U2). (13)

This follows from the fact that the mean curvature is expressed in parameters
(3,0) as 2H = é + . We remark that the first integral (5) is written in terms
of m,b,U as

R

=) =1- 2H/sn,\;(p)dp7 (14)

where sn?(p) = m?U? — eb? and cs2(p) = 1 — k(m2U? — eb?). Tt is useful now

to consider conformal parameters on ¥ by changing variables
~ ds -~
5,0 =: —,0).
5.0~ o = ([ 5.0

Considering du/85 = du/ds = 1/U, v/ = dv/dd = 1 we conclude that the
coefficients of the second fundamental form are now changed as
é—eU?, f—fU §—3.
The metric induced on ¥ becomes U?(du? + dv?). Thus the mean curvature is
2HU? = eU? + 3.

So the coefficient ¢! of the Hopf differential W! (see Section 4) in these para-
meters is written as

2

~ 2 _ ~ ~ _
Pl = (eU g) —ifU = (HU? —g) —i fU.
Since j = —R/m? and f = Lo /1— k(m2U? — eb?) = —bocs,(p) it follows
that

R b
' = (HU? + ﬁ) —zﬁcsﬁ(p).



However by (14) and d% csk(p) = —ksng(p) we have

kR = cs.(p) (kI +2Hcs,(p)).

We are interested here on x # 0 (it is a well-known fact that ¢! is holomorphic
for £ = 0). In this case it holds

1 b
kit = — (kHsnl(p) + kHeb® + klcs,(p) + 2Hcs (p)) — i % cse(p)-

Now we want to compute the coefficient 12 of the differential U2 on the confor-
mal coordinates u, v defined just above. We have

2 2 2 2 1 2 KD
K {(Ou, 0¢)° — K°(Oy, 0¢)° = =" (kI +2Hcs(p))” — —

m

and b
K{(Quy, O¢) (O, Oy) = — (kI +2Hcs,(p)).

Now since that 7% = Kk we write

€ Y2 = £ (/@2]2 + 4H?cs?(p) + 4HrIcs.(p) — /{21)2)
r 2Kkm2
. ¢eb
s (kI +2Hcs.(p)).
Therefore
1 € o5 1 9 1 9 1 9 9 Cbrl

Thus, the differential @ has constant coefficient for any surface on the family
Xmp X — M?(k) x R of screw-motion invariant CMC surfaces on M?(x) x R
starting (for m = 1) from some given CMC surface. Its final expression is:

1 272 2 2 2 biI
w:_m(ﬁ)]—llﬂ— —lﬁ}b(4H€+/€))+'LW

for k # 0. From the same calculations, we assure that the Hopf differential has
constant coefficient for K = 0:

1 b
wlzﬁ(}[ebz—i—l)—zﬁ

We now determine explicitly the CMC rotational examples with @ = 0. In the
case k # 0, we have for rotational examples (b =0, m = 1) that

1
V=5 (81— 4H?)

Thus Q = 0 for CMC rotational examples if and only if 4H? — k212 = 0 or

2H
I=+—.
K



So, we replace I = +2H/x in (5). Since W2 = sn?(p)(1 + 63—;2) it follows that

dt
o 2H 2H
dp sn (p):—7(il—&—,‘@/snﬁ(p)dp):_7

T — K
\/1-#8(%2

Thus for I = —2H/k one has

(£1—csu(p)).

(@)2 c_ B 1+ csu(p)

dt C4H? 1 —cs.(p)’
However

1+csu(p) 1 , 11

ST 2 2(p)2) = — .

1 —csu(p) K «(r/2) K 2

Here ct,(p) = sng(p)/sn.(p) is the geodesic curvature of the geodesic circle
centered at py with radius p in M?(k) and r is the Euclidean radial distance r
measured from py on the Euclidean model for M?(k). Thus we have

dpy2 _ ,dpy2 dri2 4 dr.2
(E) _(dr) (dt) T (1 + wr2)2 (dt) '
So the resulting equation is

2 2Hrdr
=dt
L+ kr? /T —4H?er?
We change variables defining 1 + x7? = u. We then change variables again by

defining (k < 0) v = eu — (e + k/4H?) and v = (e + /4H?) — eu (for k > 0).
Next, we put w = \/v. So dv = 2w dw and the final form of the equation is

2dw 2dw

= —/—rdt, (k <0), = Vrdt, (k> 0).
w? + (€+KL/4H2) rodt, (r ) w? — (€+/£/4H2) Vrd, (s )
We suppose that 4H2%e + k > 0. Then
(4H?e + k) snl(p/2) + 4H?esn?  (ct/2) =1, (k< 0), (15)

where ¢ = \/e + k/4H? and € = 1. The same formula holds for k > 0, ¢ = 1.
We have for k > 0, e = —1 that

4H?ersn’, (ct/2) = —(4H?e + k) cs2(p/2). (16)

We now treat the case ¢ + k/4H? < 0. We denote ¢? = —(e + k/4H?). Thus
for k > 0 and € = —1 the solution is

(4H?e + k) sn?(p/2) — 4H?esnZ (ct/2) = 1 (17)



The same formula holds for k < 0, e = —1 when we have |w| < ¢. For e = 1, we
necessarily have x < 0 and |w| > ¢. Thus

4H?ersnZ(ct/2) = (AH?e + k) cs2(p/2). (18)

Finally for ¢ + k/4H? = 0 one obtains

4
t? = e—cs2(p/2). (19)
K
Next, we consider I = 2H/k. For this choice we have

(@)2 o f 1-csalp)

dt ©4H? 1+cs.(p)’
So the resulting equation is

2 2H dr B

1+ k2 /272 — 4H2

We change variables considering u = 1/r? + x = 1/sn%(p/2). We then change
variables again by defining v = H(E + H/4H2) — eu. Finally we put w? = v. So

dt

2dw

= dt.
k(e + Kk/4H?) — w?

First, we consider ¢ = ¢ + k/4H? > 0. In this case there are no examples with
k<0.Fork>0ande=1

(4H?e + k) ksnZ(p/2) = 4H e cs? (Ve + k/4H? t/2). (20)
For Kk >0 and e = -1
(4H?e + k) snZ(p/2) = —4H?csn? (Ve + r/4H2 t/2). (21)

Now, we consider the case —c? = ¢ + k/4H? < 0. For k < 0 and € = 1 we have

(4H?e + k)ksnl(p/2) = 4AH?ecs? (y/ — (e + k/4H?2)t/2) (22)

The same expression holds for k > 0, e = —1. For Kk < 0, e = —1 we have

(4H?e + k) snl(p/2) = AH’esnZ (/ — (e + k/4H?)t/2) (23)

Theorem 2. The revolution surfaces with constant mean curvature H and
Q = 0 on M?(k) x R correspond to the values I = —2H/k, 2H/r. These
surfaces are described by the formulae (15)-(23) just above.

For e = 1, the formulae above were already obtained in [1] by other integra-
tion methods.



2.3 Solving the mean curvature equation

We proved on Section 2.2 that a given CMC helicoidal surface could be deformed
on isometric helicoidal surfaces with the same mean curvature. In this section,
we give explicit parameterizations to these families.

We denote in what follows the variable § simply as s. Squaring both sides
of (14) one finds

m2U? — b?) (1 — k(m2U? — eb?)) — m* U202
€ ( )1( — k(m2U? — eb?) ) = (QH/SHK(P) dp —1)*. (24)

In particular, for x = 0 since sn,(p) = p and p?> = m2U? —eb? then (24) becomes
e (m*U? — eb® — m*U?U?) = (Hm*U? — Heb® — 1) (25)
For € = 1 after the substitutions  =: mU and z =: 22 this equation reads

2':2

Vi —H?2? 4+ (14 2Ha)z — (a® + b?), (26)
where a = Heb?+1. This equation was solved in [8] and its solutions completely
integrated. For e = —1 the same substitutions show that (25) becomes

22
T = H?2? + (1 —2Ha)z + (a® 4+ b?). (27)

Completing squares this equation reads

22 1—2Ha\2 4H?*b?> +4Ha —1
(z—|— ) +

== 2
4H? 2H? 4H* ’ (28)

for H # 0 and 22/4 = 2 + (a® + b%) for H = 0. This last equation may be

rewritten as
dz

Vz+ (a? + b2)
whose solution is of the form m?U? = z = s? — (a® + b?), where a = [ since
H = 0. This family contains a Lorentzian catenoid as initial surface. In fact,

considering the values m = 1 and b = 0, we have U? = 52 — I? and p? = U2. So

s=+/p?+1I? and ds = (p/+/p? + I?) dp. The expression (10) reads

= 2ds

I / I .
t= | —ds= | ——====dp = Tarcsinh(p/I
/p V2 +I? P (/1)
Thus the (half of the) catenoid is described as the graph of
p=p(t) =1 sinh (¢/I) (29)

We remark that this curve is singular at ¢ = 0 and asymptotes a light cone
there. For the catenoid we have 8 = #. We now describe the family associated

10



to such a catenoid by the integrals (9)-(11). For the other members of the
family that evolves from the Lorentzian catenoid we have p? = m2U? + b? =

2 —(I? +b%) + b2 =52 —I? and s = \/p? + I2. So

B p2+b2£
t—/1/7p2+l2pdp (30)

and the coordinate 0(p, 0) is given by

- 1
0(p,0 :mH—mbl/ dp. 31
(p:0) PNy (31)

Turning back to the Lorentzian equation (27) for H # 0, if we consider
w=z+ 15242 and ? = |%\ we have

dw
——— =2Hs
/ Vw? + 2
whose general solutions are, for sign +
1—2Ha
2772
m?U? = ¢ sinh (2H (s — s9)) + —SHT (32)
and for sign —
1—-2Ha
2772
= h (2H (s — —_—
m?U? = ¢ cosh (2H (s — s9)) + SHE (33)

where

4H?b?> +4Ha — 1 1/2
4H4 | :

We may make explicit the parametrization describing both U and U U in terms

of these solutions.

Theorem 3. A family of mazimal space-like helicoidal surfaces in L3 containing
a Lorentzian catenoid is described by the formulae (29)-(31). The formulae (32)
and (33) describe families of helicoidal CMC' surfaces on 1L3.

Now, we consider the case k # 0. Since d% csk(p) = —ksng(p) then

(—2Hf<a/sn,€(p) dp+ wI)? = 4H?cs?(p) + 4HkIcs.(p) + k212 (34)

Since cs.(p) = (1 — w(M2U? — eb?))/?, defining z =: (1 — k(M2U? — €b?))/?
for k # 0 one finds 22 — 1 — ekb? = —km2U2. Therefore z3 = —km2UU which
implies that k2m*U2U? = 2232, Multiplying both sides of the expression (24)
by k2 and replacing the expression (34) on the right hand side of the resulting
equation we obtain
2 (m2U? — eb?) (1 — k(M?U? — eb?)) — m*U?U? — (2H(1 - Km0
1 — k(m2U2? — eb?)

—5b2))1/2 + nI)Q.

(35)

11



In terms of z this equation reads
32 = —(4H?c + k) 2* — 4Hkle z + k(1 — kI%¢). (36)

If we assume that 4H%¢ + x # 0 then we obtain after completing squares that

9 )
4H2Zﬁ - _(z + 412;21:11) (4H2:+ k)2 (4H% + k — w*I%).  (37)
We first consider the case 4H?c + k < 0. If k(4H?c 4+ k — k*I%) < 0 then
putting w = z + FHEE we get
s (38)
where .
= |m (4H26—|— K — /{2125)|.

The general solution is in this case

2HKI
z = csinh ((—4H%¢ — k)2 (s — $0)) — ﬁ (39)
e+ K
If k(4H?e + k — k2I%¢) > 0 then
-2
W 22
iH% +r €
with solution given by
2HKI
2 = ccosh ((—4H?e — k)V/2(s — 50)) — ﬁ. (40)
e+ K

Now we consider the case 4H%¢c + xk > 0. Here we necessarily have m(4H 2e +
K — ,%2]25) > 0. The equation becomes

.2
w 2 2

— = —w?
4H?c + K
whose solution is

2HkKIe

z = csin ((4H25 + H)1/2(8 - 30)) T 1H?c 1

(41)
It remains to see what happens for 4H%¢ 4+ x = 0. In this case the equation

becomes
22 = —4AHkle z + k(1 — kI%).

If HkI = 0 then we have necessarily x(1 — xI%¢) > 0 and

z=(k(1 - l€12€))1/2(8 —8p). (42)

12



When HkI # 0 then the equation is
dz

=ds
V—4HkIe z + k(1 — k%)
with solution 1 1
- LRy 72
iy (4(8 s0)* — k(1 — kI%¢)). (43)

Theorem 4. The formulae (39)-(43) describe two-parameter families of heli-
coidal CMC exzamples on M?(k) x R.

For € = 1, the formulae above were previously obtained in [18].

3 Rotationally invariant CMC discs on Lorentzian
products

3.1 Qualitative description

In this section we consider only space-like revolution surfaces in Lorentzian
products M?(k) x R. We assume that the parameter s on (1) is the arc length
of the profile curve. So, p? — > = 1. We denote by ¢ the hyperbolic angle
with the horizontal axis 0,. So, ¥ has constant mean curvature H if and only
if (p(s),t(s),(s)) is solution to the following ordinary differential equations
system

p = cosh g,
t = sinh ¢,
$ = —2H —sinh pcti(p). (44)

The fluz I’ through an horizontal plane P, = M?(k) x {t} is, up to a constant,
given by the expression for I in terms of s:

, °oH | ,
I'=T1+ = sinhpsn,(p) + 2H [ sn.(7)dr. (45)
0
Integrating the last term on (45) one obtains
I' = sinh psn,(p) + 4Hsni(g). (46)

The solutions for (44) for which @ = 0 vanishes are those with I = :I:% or
I' =0, %. We give later a qualitative description of these solutions.

Since that cosh ¢ never vanishes on the maximal interval for a solution to

(44) it follows that

g—g%—tanh
dp dsdp v
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Denoting v = sinh ¢ we also obtain

du du dy ds
— = — —/— — = —2H —sinh pct,(p).
dp de ds dp sinh ¢ et (p)

Thus the system (44) above is equivalent to

de U
dp  Vi+d?’
(CiTZ = —2H — uct(p). (47)

It is clear that solutions to the system (47) are defined on the whole real line
and the profile curve may be written as a graph over the p-axis. Now, we begin
describing the maximal solutions, i.e., solutions for H = 0. If we consider a
fixed value for I’ then the condition H = 0 implies that

I' = sinh psn,(p) (48)

So, the horizontal planes are the unique maximal revolution surfaces with I’ = 0.
In fact if we put I’ = 0 at (48) we have sinh ¢ = 0 for p > 0. Thus, £ = 0 and we
conclude that the solution is an horizontal plane. Hence, we may assume I # 0.
In this case, since that sn,(p) — 0 if p — 0 is follows that sinh ¢ — oo if p — 0.
So, ¥ has a singularity and asymptotes the light cone at pg (the light cone
corresponds to ¢ = 00). Moreover sinh ¢ — 0 if p — 00 in the case x < 0. This
means that these maximal surfaces asymptotes an horizontal plane for p — oo,
i.e., these surfaces have planar ends. These examples are not complete in the
s

spherical case x > 0, since we have sinhp — oo if p — Z=.

Consider now H # 0. In this case the solutions are regular if and only if the
@ — 0 as p — 0 what implies that sinh¢ — 0 as p — 0. So, necessarily I’ =0
as we could see taking the limit p — 0 in (46) above. So, examples of solutions
for the systems above which touch orthogonally the revolution axis have I’ = 0.
Reciprocally, if we put I’ = 0 in (46) we get

0 = sinh psng(p) + 4Hsnz(g).

So, dividing the expression above by 2snZ (%) we have
sinh ¢ ctn(g) = —2H. (49)

One easily verifies that sinh — 0 if p — 0. So all solutions for (47) with
I’ = 0 reach the revolution axis orthogonally as we noticed earlier. Thus these
solutions correspond to initial conditions ¢(0) = tg, p(0) = 0 and ¢(0) = 0 for
the system (44). Now we have

1 2H sinh —4H? + k sinh?
ctu(p) = = (— = +kK )= - .
2 sinh ¢ 2H 4H sinh ¢

14



Replacing this on the third equation on (44) we obtain

1
i—f =15 (—4H? — K sinh? ). (50)
We observe that ¢ = —H is the corresponding equation for the case k = 0,
i.e., for hyperbolic spaces in L.3. This could be obtained as a limiting case if
we take k — 0. For k < 0, the range for the angle ¢ is 0 < ¢ < Yoo =
arcsinh(2|H|/v/—k). The surface necessarily asymptotes a spacelike cone with
angle ¢,. Indeed the equation (50) is equivalent to

yas——
il = 5 = 00.
4H |y  —4H? — k sinh® ¢ 0

There are no complete solutions for £ > 0 and H # 0, since that the angle at

T

p=0and at p= o are not the same unless we have H = 0.

Finally, we study the case when ¢ — g as p — 0 for some positive value
of ¢g. This means that the solution asymptotes a space-like cone at py. In this
case sinh ¢ — sinh g < 0o as p — 0. Thus taking the limit p — 0 in (46) we
obtain I’ = 0. So, as we seen above, necessarily pg = 0. This contradiction
implies that there are no examples with ¢g > 0.

It remains to give a look at the case ¢ — oo as p — 0. In this case,
the solution asymptotes the light cone at py. For any non zero value of I’,
we obtain after dividing (46) by snZ(p/2) and taking limit for p — oo that
sinh o — 2|H|/+/—k. Moreover, the angle ¢ is always decreasing in the range
(2|H|/v/—k,00) as p increases in (0, 00). For example, consider the values xk < 0
and I’ = 42 Replacing this value for I’ in (45) we get

1
0 = sinh psn,(p) + 4H(sni(g) - E)
So we conclude that
Kk sinh g = 2H ctn(g). (51)

Thus the solution satisfies sinh ¢ — oo if p — 0. This means that ¥ asymptotes
the light cone at the point py. Moreover, we have that sinh ¢ — 2|H|/\/—k if
p — oo. Replacing (51) at the third equation in (44) we obtain

sinh ¢ 2H —4H? +  sinh? ¢

cty(p) = 1(*@ ) =
2 2H sinh ¢ 4H sinh ¢
and d )
4 2 s 12
EZE(—ZLH —K,Slnh SD)

Since ¢ satisfies sinh ¢ > sinh o, = % then we conclude that ¢ < 0 for all s.
So, the angle decreases from oo at p — 0 to its infimum value ¢, as p — oo.
We summarize the facts above in the following theorem.
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Theorem 5. Let ¥ be a rotationally invariant surface with constant mean
curvature H in the Lorentzian product M2 (k) x R with k < 0. If H = 0 either
is a horizontal plane P, = M2(k) x {t} or X asymptotes a light cone with vertex
at some point py of the rotation axis. In this case, 2 has a singularity at pg and
has horizontal planar ends. We refer to these singular surfaces as Lorentzian
catenoids.

If H # 0 either X is a complete disc-type surface meeting orthogonally the
rotation axis or X asymptotes a light cone with vertex pg at the rotation axis. In
the first case, the angle between the surface and the horizontal planes asymptotes
2|H|/v/—k as the surface goes to the asymptotic boundary OxM?(k) x R. In
the last case, the surface is singular at pg and asymptotes a space-like cone with
vertex at py and slope Yo, where sinh @, = 2|H|/\/—k.

3.2 Uniqueness of annular CMC surfaces

We fix e = —1 and x < 0 on this section. We then present a version of a theorem
proved by R. Lépez (see [12], Theorem 1.2) about uniqueness of annular CMC
in Minkowski space L3.

Let 1 be a connected CMC space-like surface in M?(k) x R whose boundary
is a geodesic circle I" in some plane P,. We suppose that ¥; is a graph over
P, — 2, where  is the domain bounded by I' on P,. We further suppose that
the angle of 3, with respect to the planes IP; asymptotes, when ¥; approaches
0oM? (k) x R, a value !, so that sinh(pl ) > 2|H|/v/—r. We then consider
Yo a revolution surface with same mean curvature, boundary and flux than
31. That this is possible we infer from the description on Theorem 5 above.
From the same theorem, we know that the asymptotic angle for 5 is @2, =
arcsinh(2|H|/v/—k).

Suppose that 1 # 3. Now, we move 3; upwards until there is no contact
with Y5. This is possible since the asymptotic angle of ¥; is greater than or
equal to the asymptotic angle of ¥5. Denote by ¥ (¢) the copy of ¥; translated
t upwards (so that X1(0) = £1). Then we define ¢y as the height where occurs
the first contact point. Suppose that tg > 0. Then, the first contact is not at
an interior point. Otherwise, by the interior maximum principle, the surfaces
are coincident, what contradicts our hypothesis. If the asymptotic angles are
different, there are no point of contact at infinity. If the angles are equal, then for
small § the surfaces X1 (tg— ) and Yo intersect transversally. Thus, as we easily
could verify, there exists a connected component IV on S = X(tg — 6) N Xy
which is not null homologous on both surfaces. Since both graphs have the
topology of a punctured plane, this means that IV must be homologous to I" on
Y9. The flux of 3 (tg — §) and X through IV are both equal to the flux of
and Y through I'. However, after crossing ¥ along I towards 0,,M? (k) x R,
the surface 2 (top — §) remains below X5. Then since 0; is a time-like vector, it
holds that

<7]2’ 8t> < <771’ at)

along I, where 1, and ny are the outward unit co-normal of X, (¢tp — ) and X5
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along I"V. However, this contradicts the fact that the flux is the same on both
surfaces. This contradiction implies that ¢ty = 0. Now, if the surfaces contact
at the boundary, they coincide globally, by the boundary maximum principle.
If not, then the angles satisfy again a strict inequality and therefore the flux
is not the same for the two surfaces, a contradiction. We conclude from these
contradictions that 1 = .

Theorem 6. Let X be a space-like CMC surface on M?(k) x R, k < 0, whose
boundary is a geodesic circle on a horizontal plane P,. We suppose that ¥ is
a graph over the domain in P, outside the disc bounded by 0%. We further
suppose that the angle between ¥ and the horizontal planes asymptotes po, with
Voo > arcsinh(2|H|//—k). Then, ¥ is contained on a revolution surface whose
axis passes through the center of 9% on P, .

A similar reasoning shows, under the same hypothesis on the asymptotic
angle, that an entire space-like surface with an isolated singularity and constant
mean curvature is a singular revolution surface (v. [12], Theorem 1.3).

4 Hopf differentials in some product spaces

Let X be a Riemann surface and X : ¥ — M?(x) x R be an isometric immersion.
If k > 0, we may consider ¥ as immersed in R* = R? x R. If ¥ < 0, we immerse
¥ in L? x R. In fact, we may write X = (p,t), with t € R and p € M?(x) C R3,
in the first case and p € M?(x) C L3 for k < 0. By writing M?(k) x R C E* we
mean all these possibilities. The metric and covariant derivative in E* are also
denoted by (-,-) and D respectively. We denote by e the sign of k. Recall that
€ =1 for Riemannian products and ¢ = —1 for Lorentzian ones.

Let (u,v) be local coordinates in ¥ for which X (u,v) is a conformal im-
mersion inducing the metric €?* (du? + dv?) in . So, denote by 8,0, the
coordinate vectors and let ey = e “d,, ea = e “0J, be the associated local
orthonormal frame tangent to ¥. The unit normal directions to ¥ in E* are
denoted by n1,ny = p/r, where r = (e (p,p))'/2. We denote by hfj the com-
ponents of h*, the second fundamental form of ¥ with respect to nx, k = 1,2.
Then

hi»cj = (De,iej,nk>.
It is clear that the h}j are the components of the second fundamental form of

the immersion ¥ &+ M?(k) x R. The components of h? are

1 1
W2y = (Deyesma) = (Dl pfr) = — (el ety = = (efelsef) — 3)
1 € 1
= ~(elei ) (e, 0) — 0ig) = — (ei, Di)(ej, Or) — ~ i
r r r
We remark that £ = ¢/r2. The components of h' and h? in the frame 9,9, are
respectively

€= hl(auvau) = €2wh%1a = hl(amav) = e2wh%27 g= hl(auaav) = e2wh%2
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and
& =h*(0u,0u) = €*hiy, f = 1*(0y,0,) = €*hiy, § = h*(Dy,0y) = €**h3,.
The Hopf differential associated to h* is defined by U* = ¢*dz2, where z = u+iv

and the coefficients 1, 12 are

1 ) . . .
W=sle—g)—if, W*=3@E-g)-if
The mean curvature of X is by definition H = (h}; + hd,)/2. Differentiating

the real part of ¥)' we obtain

)

u(e 9) _ au(e ‘; 9_ g) = 0,(*H) — Byg = Du(e2 H) — 0, (h}(Dy,0,))
p)

2
e®H) — (Do, h*(0y, 0y) + 21" (Dy, 8y, )

S

) —
9 ) —
9 ) —
+(R(Ou, 0y)11,0) + 21" (D, 8y, 0y))
<R(auv v)n >)
) —
) —
) —
) —

S

(Do, h (D4, B) + (R(Duy D)1, 0y) + 201 (Do, 0y, 0))

(
(eZwH
( ( ( (8u76 )) - hl(Davauaav) - hl(auvDB,uav)

e H

S

e H) = (0uf + Tiaf + o9 — Thoe = Tas f + (R(Du, 3u)na, D))
2w (0uf + fOLw + gOuw + edyw — fOuw + (R(Du, Dy)n1,0y))
(0uf + (e + 9)Ouw + (R(Du, Dy)n1,0y))

= 0u(e** H) — 2¢** HOyw — Oy f — (R(Oy, Dy)n1, Dy)

—0uf + €20, H — (R(Dy, 0y)n1,0).

QD
g

—~ o~
@

By similar calculations we also obtain

Oy (6 g 9) = 0uf — €0, H + (R(9y, 0y )1, Ou).

We used above the Codazzi equation
Dauhl(av, 61}) = Davhl(au; av) + <R(au; 61})”1’ 6v>
and the following expressions for the Christoffel symbols Ff‘j for the metric e294; j
in¥
Ty = —Tg =T7 = duw, I3, = T}, =T}, = dyw.
An easy calculation yields the components of the curvature tensor
(R(Dy, 0y)n1,00) = 620", nh),  (R(Dy,dy)n1, 0u) = ke (9" nlt).

By this way, we then obtain the following pair of equations

OuRYY = 0, — k(9" nb) + €290, H, (52)
DRy = —0,S¢" + kX (O, ) — €20, H. (53)
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One also calculates
R = — 0,00, 00) = (90, 0)?) = = ((0us1) (D, D0, )
~(00,04) (D000, 04)) = = ((0us 94} (Do, 01, 04) = (00 00) (Do, 0, 01))
— = ((0u: 00) (Do,Du: 00) = Du(00,01) (0us 00)) + (Do, 0, 04) (01, 01))
= 2(94: ) (Do,0u + Do,00,00) = = 0, ({0 01) (00, 01))
= (D2 A~ £ 0,((00,01) (9.,0)
. 2H%62w<au,at> (11,00 = = 0u({00,00) (00, 00)) = ~2H = ¢ (0l k)
{ Dy (D, 1) (D, By)) = —2H§ 2 (At nhy + 0,02,

We used above the formula At = 2H (ny,d;), where A is the Laplacian on ¥
(see Section 6). Similarly, we prove that

B RU? = —0,530° + 2H§ 2 (9 nhy.
Then, using the above mentioned fact that k = €/r?, we conclude that the
function 1 := 2Hy! — e ¥? satisfies
DRy = 0,3 + 2R H,, — 23 H,y + 2¢** HH,, = 0,3¢ + 2eH,, + 2fH,,
O R1p = —0,S + 2% H,y + 239 H, — 2¢** HH,, = —0,3¢ — 29H, — 2fH,.

Now, using the complex parameter z = u + iv and the complex derivation
0z = (0, +10,) we get

0z = (OuRY — 0,SY) + (0, RY + 9, V)
2¢H, + 2fH, — 2ifH, — 2igH,

That is, defining the quadratic differential Q := 2H ¥! — 3 U2 we prove that
@ is holomorphic on ¥ if H is constant. Inversely, if @ is holomorphic then

eH,+fH,=0, fH,+gH,=0

We may write this system in the following matrix form

e f H,| |0
o]l
This implies that AVH = 0, where A = (dX,dX)~'(dn;,dX) is the shape
operator for X and VH is the gradient of H on . If VH =0, i.e., H, = H, =0
on %, then H is constant. If we suppose H is not constant, then VH # 0 on
an (open) set ¥’'. On X' we have Koyt =: det A =0 and e; =: VH/|VH]| is a
principal direction with principal curvature k1 = 0. Moreover H = ko, where Ko
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is the principal curvature of ¥ calculated on a direction ey perpendicular to e;.
So, the only planar (umbilical) points on ¥’ are the points where H vanishes.
Moreover, the integral curves of e; are level curves for H = ko since they are
orthogonal to VH. Thus, H is constant along such each line.

Theorem 7. The quadratic differential Q = 2H ' — €% U2 js holomorphic on
> if H is constant.

The considerations above indicate that if there exist examples of surfaces
with holomorphic ) and non constant mean curvature, these examples must
be non compact, have zero extrinsic Gaussian curvature and are foliated by
curvature lines along which H is constant. Recently, P. Mira and I. Fernandez
announced to the authors had constructed such examples.

For ¢ = 1, the quadratic form @ coincides with that one obtained by U.
Abresch and H. Rosenberg in ([1]). It is clear that @ is the complexification of
the traceless part of the second fundamental form g corresponding to the normal
direction 2Hn; — €7 nz on the normal bundle of ¥ ¢ E*.

Using the Theorem 7, we present the following generalization of the theorem
of Abresch and Rosenberg quoted in the Introduction:

Theorem 8. Let X : ¥ — M?(k) x R be a complete CMC' immersion of a
surface X in M?(k) x R. If ¢ = 1 and ¥ is homeomorphic to a sphere, then
X (X) is a rotationally invariant spherical surface. If 3 is homeomorphic to a
disc and Q@ = 0 on X, then X (X) is a rotationally invariant disc. For e = —1
and k < 0, if X(X) is simply-connected, space-like and Q = 0 on X, then the
same conclusion holds.

Proof of the Theorem 8. By hypothesis, we have @ = 0 (if X is homeomorphic
with a sphere, this follows from the fact that @ is holomorphic). Thus, 2Hy! =
Es ¥?. Given an arbitrary local orthonormal frame field {ey, es}, we may write
this as

2Hh%2 = K (e1,0¢)(e2, 0r), (54)
2H (hyy — hyy) = K (e1,01) — Kk (e2,0,)°. (55)

If H =0, then it follows from these equations that the vector field 9; is always
normal to . So, the surface is part of a plane P, = M?(k) x {t}, for some t € R.
Since ¥ is complete, we conclude that ¥ = P;.

We then may consider only CMC surfaces with H # 0. If (p, t) is an umbilical
point of ¥ we have for an arbitrary frame that hi, = 0 at this point. So, either
{e1,0;) = 0 or {eq,0;) = 0 at (p,t). Since hi; = hi, = H at (p,t) the equation
(55) implies that both angles (e;, d;) are null. So, we conclude that if @ = 0,
then umbilical points are the points where ¥ has horizontal tangent plane, and
vice-versa.

If (p,t) is not an umbilical point in ¥, we may choose the frame {ej,es}
as principal frame locally defined (on a neighborhood ¥’ of that point). Thus,
hi, = 0 and therefore {e1,0;) = 0 or {(e3,d;) = 0 on ¥'. We fix (e1,9;) = 0.
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If we denote by 7 the tangential part d; — £(0s,n1)ny of the field 9;, then
T = (ea,0t) e3. Thus from (55) it follows that the principal curvatures of ¥ are
K K 9
1H Al
The lines of curvature on ¥’ with direction e; are locally contained in the planes
P;. Inversely, the connected components of ¥/ NPy are lines of curvature with
tangent direction given by e;. Thus, if we parameterize such a line by its arc
length s, we have

hiy = H 7%, oy =H +

%(nl,fm = (D¢,n1,0;) = hi,(e1,0;) = 0. (56)
We conclude that, for a fixed ¢, ¥’ and P; make a constant angle 0(t) along
each connected component of their intersection. So, if a connected component
of the intersection between P; and ¥ has a non umbilical point, then the angle
is constant, non zero, along this component, unless that there exists also an
umbilical point on this same component. However at this point the angle is
necessarily zero. So, by continuity of the angle function, either all points on a
connected component > NP, are umbilical and the angle is zero, or all points
are non umbilical and the angle is non zero. However, supposes that all points
on a connected component ¢ are umbilical points for h'. Then, as we noticed
above, ¥ is tangent to P; along o. So, along o, we have (e1,d;) = (e2,0;) =0
and therefore by equations (54) and (55) we have h), = 0 and H = 0. From this
contradiction, we conclude that the umbilical points may not be on any curve
on X NP;. The only possibility is that there exist isolated umbilical points as
may occurs on the top and bottom levels t = a and ¢t = b of X (3).

So, there exists an orthonormal principal frame field {e;,e2} on a dense
subset of . On this dense subset we have 7 # 0 and then we may choose a
positive sign for sin §(¢) or sinh 6(t), where 6(¢) is the angle between ny and 0,
along a given component of ¥ NP;. We denote both of these functions by the
same symbol sn(t). Now, we calculate the geodesic curvature of the horizontal
curvature lines on P;. We have

T 1 1 1
62_7_77'_7(6t—6<8t,N1>n1)— ?

|7|  sn(t) sn(t) (0 —sn(t)nq)

Since (n1,d;) is constant along this curve and therefore sn(t) is constant we
conclude that
1 sh(t)
8162 = N
sn(t) sn(t)

where sh(t) = cos0(t) for ¢ = 1 and sh(¢) = cosh 6(t) for e = —1. So the geodesic
curvature (D,, e1, e2) of the horizontal lines of curvature relatively to ¥ is given
by —(sh(t)/sn(t)) hi;. This means that the horizontal lines of curvature have
constant geodesic curvature on 3. Now, defining v = Je; = esn(t) ny — sn(t) e,
we calculate

(De, 0y — sia(t) Deyny) = hiel

(Do, v,e1) = —esn(t)hi; — si(t)—-=
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Thus, it follows that the geodesic curvature of the horizontal lines of curvature
on ¥ NP, relatively to the plane P; is also constant and equal to hi;/sn(t). We
conclude that for each ¢, ¥ N P; consists of constant geodesic curvature lines of
Pt'

We also obtain (De,ez,e1) = 0. So, the curvature lines of ¥ with direction
eo are geodesics on Y. We then prove that these lines are contained on vertical
planes. Fixed a point (p,t) in ¥ NPy, let a(s) be the line of curvature with
o' = ey passing by (p,t) at s = 0. We want to show that « is contained on
the vertical geodesic plane II determined by ex(p,t) and ;. This is the plane
spanned by es and n; at (p,t). For each s, consider the vertical geodesic plane
I, on M?(k) x R for which e3 = o’(s) and D.,es = Dy’ are tangent at af(s).
This plane is of the form o, x R, where o is some geodesic on M?(x) which by
its turn is the intersection of M?(k) and some plane 74 on E3 with unit normal
a(s). The intersection of the hyperplane 7, x R of E* with M?(k) x R is then the
plane II;. Now p(s) A &/(s) A Dy is a normal direction to that hyperplane on
E* where p(s) = a(s)". However, since « is at the same time line of curvature
and geodesic then

Da/O/ = DEzeg = (D€2€2)T + (DeZBQ)N = (D62€2)N = h%Q ni.
Thus we conclude that the unit normal to the hyperplane Il is

a(s) = p(s) Aea(s) Ani(s).

Differentiating we obtain o’ = 0. So a(s) is constant. Thus implies that IT, = II
for all s. So, a(s) is a plane curve contained in II. Notice that II has normal
e1(p,t) since e1(p,t) = a(0). We then conclude that the integral curves of ey
are planar geodesics on Y.

So, for a fixed ¢, let o(s) be a component of ¥ NP;. Then o is a constant
geodesic curvature curve on P;. Moreover, the vertical plane passing through
o(s) with normal e;(o(s)) is a symmetry plane of ¥ since contains a geodesic
of ¥, namely the curvature line in direction es passing through o(s). Thus, the
surface is invariant with respect to the isometries fixing o. Since the surface is
homeomorphic to a disc or a sphere (see Remark 2 below), then we conclude
that these isometries are elliptic (their orbits are closed circles). This means
that X (X) is rotationally invariant in the sense of Section 1. So, the proof is
concluded.

Remark 1. We also prove the Theorem 8 by the following reasoning: denote
by IIs the plane passing through o(s) with normal e;. This plane contains the
curvature line with initial data o(s) for position and es(o(s)) for velocity. Its
plane curvature is given by the derivative of its angle with respect to the (fixed)
direction 9y, that is, 6(¢). These data, by the fundamental theorem on planar
curves, determine completely the curve. Changing the point on o, the initial
data differ by a rigid motion (an isometry on P;) and the curvature function
remains the same at points of equal height. Then, by the uniqueness part on
the theorem cited before, the two curves differ only by the same rigid motion.
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This means that the surface is invariant by the rigid motions fixing ¢. Thus,
the proof is finished by proving that the only possible isometries are the elliptic
ones.

Remark 2. For k < 0 and € = —1, since X (X) is space-like, it is acausal. Thus,
the coordinate ¢ is bounded on ¥. Moreover, the projection (p,t) € ¥ +— p €
M?(k) increases Riemannian distances. So, is a covering map and therefore
X (%) is locally a graph over the horizontal planes. If we suppose ¥ simply
connected, then X (X)) is globally diffeomorphic with P;. Is, in fact, a disc-type
graph.

Let X : ¥ — M?(k) x R be an immersion of a surface with boundary. We
suppose that X|py is a diffeomorphism onto its image I' = X (0X). We further
suppose that X (9%) is contained on some plane P;. So, I' is a embedded curve
on P; that bounds a domain €. In what follows we always make this hypothesis
while treating immersions of surfaces with boundary. Now, we fix e = —1 and
suppose that X (X) is space-like. We may prove under these assumptions that
¥ is simply-connected (disc-type) and X (X) is a graph over Q. This conclusion
also holds if I" is supposed to be a graph over some embedded curve on P;.

Thus, if we suppose either ¢ = 1 and ¥ a disc, or e = —1 (with the additional
hypothesis that @ = 0 on both cases) then we are able to prove that if X (X) is an
immersed CMC surface with boundary, then X (X)) is contained on a rotationally
invariant CMC disc. In fact, the reasoning on Theorem 8 works well on these
cases to show that X (X) is foliated by geodesic circles and that the angle with a
plane P; is constant along > NP,. This suffices to show that X (X) is rotationally
invariant.

5 Free boundary surfaces in product spaces

A classical result of J. Nitsche (see, e.g., [14], [17] and [19]) characterizes discs
and spherical caps as equilibria solutions for the free boundary problem in space
forms. We will be concerned now about to reformulate this problem in the
product spaces M? (k) x R.

Let ¥ be an orientable compact surface with non empty boundary and X :
Y — M?(k) x R be an isometric immersion. By a volume-preserving variation
of X we mean a family X, : ¥ — M?(k) x R of isometric immersions such that
Xo =X and f (0sXs,ns)dAg = 0, where dA; and n, represent respectively the
element of area and an unit normal vector field to Xs. In the sequel we set
& = 05X and f = (£, n,) at s = 0. We say that X is an admissible variation
if it is volume-preserving and at each time s the boundary X,(0%) of X (X) lies
on a horizontal plane P,. We denote by 2 the compact domain in P, whose
boundary is X;(0%) (in the spherical case k > 0, we choose one of the two
domains bounded by X (9X)). A stationary surface is by definition a critical
point for the following functional

E(s):/dAera/ dQ,
b Q.

s
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for some constant «, where df) is the volume element for €, induced from
P,. The first variation formula for this functional is (see [17] and [5] for the
corresponding formulae in space forms)

E(0) = —2/2Hf+/az<m+aﬁ> do,

where do is the line element for 0% and 7, 7 are the unit co-normal vector fields
to 0% relatively to ¥ and to P,. If we prescribe @ = — cos @ in the Riemannian
case and o = — cosh # in the Lorentzian case, then we conclude that a stationary
surface ¥ has constant mean curvature and makes constant angle 6 along 9%
with the horizontal plane.

In what follows, spherical cap means that the surface is a part of a CMC
revolution sphere bounded by some circle contained in a horizontal plane and
centered at the rotation axis. Similarly, the term hyperbolic cap means a part
of a CMC rotationally invariant disc bounded by a horizontal circle centered at
the rotation axis. Granted this, we state the following theorem.

Theorem 9. Let ¥ be a surface with boundary and let X : ¥ — M?(k) x R be
a stationary immersion for free boundary admissible variations whose boundary
lies in some plane P,. Ife =1 and 3 is disc-type, then X (X) is a spherical cap.
If e = —1, then X(X) is a hyperbolic cap.

The proof of Theorem 9 follows closely the guidelines of the proof of the
Nitsche’s Theorem in R? as we may found in [14] and [17]. Let ¥ denote the
disc [z| < 1 in R?, where z = u + iv. If we put 9, = (8, — i9,), then the
C-bilinear complexification of ¢ satisfies

QC(az:az) = Q(auaau) - Q(avaav) - 2iQ(auaav) = ZQ(amaz)

Now, since X (0%) is contained in P, then ¢(r,n) = 0 on 9X. Here 7 =
e (—v0y + ud,) is the unit tangent vector to 9% and n = e “(ud, + v0,)
is the unit outward co-normal to d%. In fact h%(7,n7) = 0 since that 7 is a
horizontal vector and h'(r,n) = 0 since that 9% is a line of curvature for 3 by
Joachimstahl’s Theorem.

On the other hand, we have on 90X that

0=q(r,n) = (u*> = v*) q(Ou, ) — v q(Dy, By) + uv q(Dy, 0y) = I(2°Q(0:,0-))

From this we conclude that $(22Q) = 0 on 9%. Since 22Q is holomorphic on
¥, then $22Q is harmonic. So, $22Q = 0 on ¥ and therefore 22Q = 0 on X.
Hence, @ = 0 on X. This implies that X (X) is part of a CMC revolution sphere
or a CMC rotationally invariant disc. This finishes the proof of the Theorem 9.

We obtain also a result about stable CMC discs in M2 (k) x R, following ideas
presented in [3]. Here, stability for a CMC surface ¥ means that the quadratic
form

JIf] =« /E (A7 +&(AP + Ric(n,m) £) £ dA,
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is non-negative with respect to the all variational fields f generating preserving-
volume variations (see [6] and [7] for the case = 0). In the formula above, Ric
means the Ricci curvature tensor of M?(x) x R.

Theorem 10. Let X be an immersed surface with boundary and constant mean
curvature H in M?(k) x R. Suppose that 0% is a geodesic circle in some plane
P, and that the immersion is stable. For ¢ = 1 we further suppose that ¥ is
disc-type and for e = —1 that the immersion is space-like. Then X is a spherical
or hyperbolic cap, if H# 0. If H =0 then X is a totally geodesic disc.

We consider the vector field Y (¢,p) = a A 9; A p, where a is the vector in E3
perpendicular to the plane where 9% lies. This is a Killing field in M?(x) x R.
Then f = (Y, nq) satisfies trivially J[f] = 0. Let 1 be the exterior unit co-normal
direction to % along the boundary 93.

The normal derivative of f along 9% is calculated as

W(f) = 77<Y7 n1> = <Cl A at A anv TI,1> + <Cl A 815 /\p7 Dn”l)
=(aNO An,n1) + (a0 Ap,Dyni) = —(a N0y An1,n) + (a A0y A p, Dyny)
= <7', 77> + <7_’ Dnn1> = <7—7 Dnn1> =—h' (7—7 77)’

where 7 = a A 9; A p (the restriction of Y to the boundary of ¥) is the tangent
positively oriented unit vector to 9X. Since that (r,9;) = 0 and (r,n) = 0 it
follows that
W (rn) = —— () =0,
This yields
2H n(f) = —2H h' (7,n) = —q(7, ).

However, if u, v denote the usual cartesian coordinates on X then
q(1,n) = e~ % q(ud,, + vd,, —vd, + ud,) = —3(2°Q)

on 9%. We conclude that 2H n(f) = 3(22Q). Proceeding as in ([3]) we verify
that n(f) vanishes at least three times. Applying Courant’s theorem on nodal
domains allows us to conclude that f vanishes on the whole disc. So, X (X) is
foliated by the flux lines of Y, i.e. by horizontal geodesic circles centered at the
same vertical axis. So, X (X) is a spherical or hyperbolic cap as we claimed.
This proves Theorem 10.

6 Flux formula and Killing graphs

Let ¥ be an immersed surface in M?(x) x R with constant mean curvature H.
We denote by Div and div respectively the divergence operator on M?(x) x R
and on X. Consider a Killing vector field Y on M?(k) x R. Thus restricting Y’
to X one obtains the fluz formula for Killing vector fields:

/ (Y. n) do + 2Hz= / (V,ma) dQ = 0, (57)
o Q
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where ¥ is an oriented surface homologous to ¥ on M?(k) x R, 7 is the outward
unit co-normal to ¥ along its boundary and ng is the unit normal to €2 so that
the cycle ¥ U Q is coherently oriented.

Now, let n be an unit normal vector field to ¥ & M?(k) x R. We next
consider the function (Y,n). Let e1,es be an adapted orthonormal moving
frame with Ve; = 0 at a point (p,t) € ¥. We may suppose that e; is principal
at that point. We have for v € TY that

v(Y,n) = (D,Y,n) + (Y, Dyn) = (D,Y,n) +(Dyn,n)(n,Y) + ((Dyn)",Y)
= —(v,D,Y)+ (D,n)T,Y) = —(v,D,Y + A(YT)).
Hence
V(Y,n) = —AYT) = (D,Y)" = ((Dyrn) — (D,Y))"

The restriction of a Killing field to a CMC surface is a Jacobi field for it. Then
we have

(A +¢|AP? + eRic(n,n)) (Y,n) = 0.
We also compute
Ric(n,n) = ke(1 — (n, d;)?).

We suppose that the distribution spanned by the vectors orthogonal to Y
is integrable (this is a weaker condition than to assume Y is closed). Let N be
the domain in M?(k) x R free of singularities of Y. So, N is foliated by surfaces
orthogonal to the flow lines of Y. Let s be the flow parameter on the flow lines
of Y, so that each leaf is a level surface for s. Taking s as a coordinate on N, it
is clear that 9, =Y. We also have

_ Y
= S8 = — = Y
Vs =90 = =

Then the gradient of s restricted to a surface ¥ on N is Vs = fY7T and its
Laplacian is calculated as

As = (Ve fYT ) = (Do, fYT ) = (Ve YT e)) + f(D., YT ;)
= <Vf7 YT> + f<D€iY7 81‘> - €f<Dei <K n>na ei> = <Vf7 YT> - €f<}/a ?’l> <D€in’ ei>'

Thus As = 2Hef(Y,n) + (Vf,Y). However, we easily see that the Killing
equation implies that the norm of Y is conserved along the flow lines of Y.
Then (V|Y],Y) = 0 and therefore (Vf,Y) = 0. So

As =2Hef{Y,n).
We also have from Jacobi’s equation

A(Y,n) = —¢(|A]* + Ric(n,n)) (Y,n) = —e(JA]> + ke (1 — (n,9,))) (Y, n).
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We then fix ¢ = 1. Suppose that ¥ has boundary on the leaf IT given by s = 0
and that (Y,;n) > 0 on X. So, H < 0 when we consider n pointing outwards II.
Next, for a given constant ¢, the function ¢ =: Hes + (Y, n) satisfies ¢|lss > 0
and

Ap = (QHQﬁ — JA]? = k(1 = %)) (Y, n),

where v = (n,9;). We want to choose ¢ so that ¢ is super-harmonic. It suffices
that .
2 2 2

However
|A]? = kT + k3 = (k1 4 k2)® + (k1 — k2)® — kT — k3 = 4H? + 4[p'|* — |A]%.

So, |A|? = 2H? + 2J)!|?. For further reference we point that (for any sign of ¢)

KQ

e

Thus, (58) is rewritten as

2/ € 12 2
If & > 0 it suffices to take 0 < ¢ < infy |Y|2. For x < 0, if we rather suppose
that 2H? + k > 0, then we obtain the super-harmonicity of ¢ when

H?+ &

Thus, for these choices for ¢ we have A¢ < 0 and

1 supy |Y] |H|  supg |Y]
< 9 > O ) S N 9
S TH s e 0 8 H? + & infy [Y?

(k < 0). (59)

Theorem 11. Let Y be a Killing field on M?(k) x R, € = 1, which determines
an integrable orthogonal distribution D. Let ¥ be an immersed CMC surface
on N whose boundary lies on a integral leaf of D. If s is the parameter of the
flow lines of Y, then it holds the estimates on (59). If X is a compact closed
embedded CMC surface on N, then X is symmetric with respect to some integral

leaf of D.

The proof of the second statement on the theorem above is similar to that
one presented in Proposition 1 of [9]. It is based on Aleksandrov reflection
method with respect to the integral leaves of D. That this makes sense we
could see noticing that the flux of Y is, at fixed s, an ambient isometry.
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We remark that the integrability condition on D imposes that the form
w = (Y,-) satisfies dw = 0 on D x D. This implies that (D,Y,w) = 0 for all
vector fields v, w on D. So, the integral leaves for D are totally geodesic on N.

Notice that for the particular choice of Y (p,t) = a A 9; A p, we have Y = 0y,
where 6 is the polar coordinate centered at ra as defined on Section 1. Thus
|Y| = sn.(p). Thus, a simple application to the flux formula gives us the
following area estimate:

maxgpq sny(p) |09

H| < .
Al < ming snk(p) 2|Q|

This estimate holds for constant mean curvature surfaces in M?(x) x R so that
its boundary 9% bounds a domain €2 on a vertical plane which does not contain
singularities of Y.

Next, we fix e = —1 and k < 0 . Let X be a CMC surface whose boundary is
a geodesic circle on some horizontal plane P,. Thus considering the Killing field
O, the function ¢ we defined above becomes ¢ = Ht — v, where v = (n,dy).
Then we have as before

Ap = (2H? — [AP + k(1 —1v?)) v
We recall that
AP =2H? + 2192, 4[?)? = 7 (1 —0?)?

and since £ < 0 and 1 —v? < 0 we have 2[1)?| = k(1 —v?). Replacing this above
and assuming that |1]? — [¢?| > 0 we have

Ap = =2(|9'* = [¢*) v > 0,

since that we choose n pointing upwards (which implies that H < 0). By
Stokes’s theorem

2 [ (P - ) vad= [ (Tom)do
b ax
where 7 is the outward unit co-normal to ¥ along 0%. However

<v¢a 77> = H<Vt777> - <Vl/7 77> = _H<5t777> + <8t7 A77>

Therefore, (Vo,n) = ((An,n) - H) (n, ). However, (An,n) = 2H — (AT, T),
where 7 is the unit tangent vector to 9%. Let 77 be the outwards unit normal to
0% with respect to P;. Since n = (n,7)77 — (n,d;) 0; and since 7 is orthogonal
to both 0; and 7 it follows that

—(A7,7) = (Drn, ) = (n, i) (D-1], 7) = —kg(n, 1) = kg(0k,n)
Thus we conclude that (V¢,n) = (H + kg¢(n,d;)) (n,d;). So by flux formula

/ (Vé,n)do = H / (n, )do + / g (0, O1)2do = 2H7|0) +
ox ox ox

/ o (1, 00)?do
o
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Gathering the expressions, we have

—2/ (|¢1|2 — |z/)2\) vdA = 2H2|Q\ +/ Hg<7],8t>2d0‘.
N oy

Now again by flux formula

(/62<n,at>da)2 40

But by Cauchy-Schwarz on L? functions we have

(/62<77,8t>d0)2 < |9%] /62<7778t>2 do

50 4H?|Q?
< | (9,0)%do
O
Thus
9)
—2/ (Jo')? = [¢?) vdA < 2H2|8—Q|(\8Q| +2|Q| kg) (60)
>

with equality if and only of (n,d;) is constant along 0%X. Now, the geodesic
curvature of 9% calculated with respect to 7 is k4 = —ctx(p). Thus

2 2
10Q| +2|Q| kg = ?sn,{(p) (csu(p) —1)" <0

since k < 0. So, occurs equality on (60). Then, the angle between ¥ and the
horizontal plane is constant along 0%. So, ¥ is a stationary surface for the
energy defined on Section 5. Thus, by Theorem 9, @) = 0 and the surface is a
hyperbolic cap.

Theorem 12. Fiz e = —1 and k < 0. Let X be a tmmersed CMC' surface
whose boundary is a geodesic circle on some horizontal plane Py. If we suppose
that [1*)? — || > 0, then Q = 0 and the surface is part of a hyperbolic cap or
a planar disc.

This theorem is a partial answer to a Lorentzian formulation of the well-
known spherical cap conjecture which was positively proved on [4] for the case
k=0.
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