WELL-POSEDNESS FOR THE SCHRODINGER-DEBYE EQUATION

A. J. CORCHO AND F. LINARES

ABSTRACT. We establish local and global results for the initial value problem associated to
the Schrédinger-Debye system for data in low regularity spaces. The main tool used is an
optimal application of the Strichartz estimates for the linear Schréodinger operator. In the
one dimensional case we also use Kato’s smoothing effect to obtain global results in fractional
Sobolev spaces.

1. INTRODUCTION
We study the Initial Value Problem (IVP) for the Schrodinger-Debye system

i@tu—l—%Au:uv, t>0, x € R,
(1.1) TOw + v = €|ul?,
u(z:, 0) = u0($)7 v(x,()) = UO('Z)a

where v = u(z,t) is a complex-valued function, v = v(z,t) is a real-valued function, 7 > 0,
e = =1 and A is the Laplacian operator in dimension n.
This system is derived from the Maxwell-Debye equations

10: A + ﬁAA = %VA,
TOWw +v = 772|A\2,

via the rescaling

_ . /wolna| .
u(z,t) = o A (, [ g T t) ,
U(:c,t):%u< g T t).

The Maxwell-Debye system describes the non resonant delayed interaction of an electromagnetic
wave with a media. In these equations A denotes the envelope of a light wave that goes through
a media which response is non resonant. This wave induces a change v of refractive index in
the material (initially 7 for an electromagnetic wave of frequency wpy) with a slight delay .
The magnitude and the sign of the nonlinear coupling of the matter with the wave is described
by the parameter 1. The light velocity in the vacuum is denoted by ¢ and k denotes the wave
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vector of the incident electromagnetic wave. See Newell and Moloney [13] for a more complete
discussion of this model.
We can simplify the system (1.1) by writing explicitly the solution of
t
(1.2) o(t) = e Tug () + € / e /T ()2 dt!
0
to obtain the decoupled integro-differential equation

¢
iOu + L Au = e g (z) + fuf e~ 2dt!, © e R™, t>0,
0

u(z,0) = up(z).

where 7 > 0 and € = £1.
Using the integral formulation of this equation we have

(1.3)

(1.4) u(t) = S(tyup — i / S(t — ) (Fo(ult')) + Fi(u(t'))) dt',
0

where

(1.5) S(t)uo = €22y = (€215 G

is the unitary group associated to the linear Schrédinger equation and
t
(1.6) Fo(u(t)) = e Tuvg(x),  Fi(u(t)) = Su / e~ T () 2t
0

Previous results concerning well-posedness for the IVP (1.1) were obtained by Bidégaray in
[2, 3]. We summarize them as follows:

(a1) local well-posedness in L*>(R™), for data (ug,vo) € L*(R™) x L®(R"),

(a2) local well-posedness in HY(R™), for data (ug,vo) € HY(R™) x HY(R"),
which are valid in dimensions n = 1,2,3. Here H*(R) denotes the standard L2-based Sobolev
space of order s.

We note that in these results the persistence property of the solutions was not obtained.

To prove these results the author used Strichartz estimates and a fixed point argument.

In [2] it was also shown that as 7 tends to zero, solutions to the system (1.1) converge (in H"
with r > 2+ n/2) to those of the cubic nonlinear Schrédinger equation (NLS), namely

(1.7) iOpu+ 3 Au = elul*u,

at least on a certain time interval and for compatible initial data vy = €|ug|?.

Since local and global well-posedness in H*(R), s > 0, has been established for the NLS (1.7)
(see [4, 7, 15]), in the one-dimensional, it is expected that the Cauchy problem for the equation
(1.3) will be locally well-posed in H*(R) for s > 0, for given data vy in appropriate Sobolev
space HF(R).

Our goal in this paper is to improve many of the results in [2, 3] and obtain new ones.

Regarding the well-posedness for the IVP (1.1) we will show the following results:
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(b1) local and global well-posedness in L*(R™) x L?(R"™),
(b2) local and global well-posedness in H*(R™) x H'(R™),

in dimensions n = 1,2, 3. Moreover, for the one-dimensional case, we will also show

(bs) local well-posedness for data in H*(R) x H*(R), for 0 < s < 1,

(bs) local and global well-posedness for data in HY/?(R) x L*(R),

(bs) local and global well-posedness for data in H*(R) x H*(R) with1/2 < s <1 and s—1/2 <
k <s.

To obtain our local results in the case (b1), (b2) and (b3) we will use the so called LP— L4 or
Strichartz estimates. These type of estimates were first established by Strichartz [14] for solutions
of the linear Schrodinger equation. Generalizations of these estimates have been obtained by
several authors. For instance, Ginibre and Velo [7] and Kenig, Ponce and Vega [10]. In the one
dimension we will also use commutator estimates deduced by Kenig, Ponce and Vega in [12].

We proceed as follows. Instead of working with the system (1.1) we use its equivalent integral
form (1.4). Then we use the LP — L7 estimates, and the commutator estimates in the one-
dimensional case, to show our results via the contraction mapping principle

Using that the L?-norm for the solution u of the system (1.1) is conserved, i.e,

(1.8) /\u(m,t)|2da::/]uo(x)\de,

we extend the local result in L?(R") x L?(R"), in the case (b1), to any time interval [0, T]. For
the global result, in the case (by), we obtain a “priori” estimate in H'(R") x H!(R") for the
solution using the global result in L?(R") x L2(R").

To obtain our global results in the cases (bs) and (bs), the main tool used is the smoothing
effect obtained by Kenig, Ponce and Vega [11, 12], that is,

(1.9) 1D3/? S(#)uoll o2, < C luollzz-

We use (1.9) to prove our local results in these cases. Using that the solutions obtained satisfy the
integral equation (1.4) combined with the conservation law (1.8) we obtain a “priori” estimates
for the local solutions, which are used to extend these to any time interval [0, 7).

Remark 1.1. The method of proof used in [2, 3] does not yield the persistence of v(t) in H' in
the case (a2) for n = 2,3 or v(t) in L™ in the case (a1). Similarly, as in [2, 3], we perform a
fized-point procedure only on u to prove our results, but unlike these references we guarantee the
persistence of the solution v(t) in the same space where we take the initial data vg.

This paper is organized as follows. The statements of the main results will be given in Section
2. In Section 3 we prepare some preliminary results useful in the proofs of the main results.
Section 4 will be devoted to establish local and global wellposedness for data in L? x L?. The
global well posedness result for data in fractional Sobolev spaces in the one dimensional case
will be proved in Section 5. Finally, in Section 6 we show the global result for data in H! x H'.
Before leaving this section we introduce some notation.

In this work we use the following notations:
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e The Fourier transform of f will be denoted by

f) = @n " [ e pa)da
R

e The Riesz potential of order —s is denoted by

Dif = (I€° f(£))",

e The LP — L9 norms are denoted as

T 1/p
flzgas = ([ 15C0la)

T p/q 1/p
Il zors = </Rn </0 |f(-,t)|th> dx) ,

Acknowledgment The authors would like to thank Luis Vega for fruitful conversions and
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Santa Barbara.

and

2. MAIN RESULTS

In this section we present the statement of the main results in this paper. We need the
following definition.

Definition 2.1. Let n € N. The pair (r,q) is an admissible pair if satisfies

(2.1) i:n@—;)

with
2<q< o0 if n=1,
(2.2) 2<qg<oo if n=2,
2<q< 2 if n>3.
Theorem 2.1. Let n = 1,2,3. Given ug,vo € L*(R") there exist T = T(t,|luol|r2, |lvol r2)
positive and a unique solution u of the IVP (1.83) satisfying

(2.3) ue C([0,T]: L*(R™))
and
(2.4) ||u||LrTL;zc < o0, for any admissible pair (r,q).

Moreover, the map (ug,vo) — u(t) from L*(R") x L2*(R"™) into the class defined by (2.3)-
(2.4) is locally Lipschitz. In addition, from (2.3)—(2.4) one has that

(2.5) v e C([0,T] : L*(R™)).

Furthermore, the above solution can be extended to any time interval [0,T].



WELL-POSEDNESS FOR THE SCHRODINGER-DEBYE EQUATION 5

Theorem 2.2. Let n = 1,2,3. Given ug,vg € H'(R") there exist T = T(7, ||uo|| g1, [|vol 1)
positive and a unique solution u of the IVP (1.83) satisfying

(2.6) ue C([0,T]: H'(R™))
and
(2.7) lullr pa + [Vullpy o < oo, for any admissible pair (r,q).

Moreover, the map (ug,vo) — u(t) from HY(R™) x HY(R"™) into the class defined by (2.6)—
(2.7) is locally Lipschitz.
From (2.6)—(2.7) we also have that

(2.8) veC([0,T]: HY(R™)),
Furthermore, the above solution can be extended to any time interval [0,T].

Now we let s € (0,1). Then we obtain the following results concerning well-posedness for the
one-dimensional case in H*(R) x H*(R).

Theorem 2.3. Let 0 < s < 1. Then for any (up,vo) € H*(R) x H*(R) there exist T =
T(7, |luolls, [|lvolls) > 0 and a unique solution w of the IVP (1.3) such that for q € [2, 0]

(2.9) uwe C([0,T]: H°(R))
and
(2.10) lullpr 2 < oo, with 2/r=1/2-1/q.

Moreover, the map (ug,vo) — u(t) from H*(R) x H*(R) into (2.9)—(2.10) is locally Lips-
chitz.

From (2.9)-(2.10) one has that
(2.11) ve C([0,T]: H*(R)),

In the particular case, when 1/2 < s < 1, we can extend the local results in Theorem 2.3 for
data vg less regular. We also show that the solutions obtained in this case are global. More
precisely, if we define

1/2 if s=1/2
(212) Is — [07 / ] 1 ) S / Y
(s—1/2,s] if se(1/2,1],
we have the following results

Theorem 2.4. Let s € [1/2,1]. Then for any (ug,vo) € H*(R) x H¥(R) with k € I, there eist
T =T(T,||uols, [|[vollx) > 0 and a unique solution u of the IVP (1.3) such that for q € [2, 0]

(2.13) uwe C([0,T]: H°(R))
and
(2.14) lullpr g + 10pullpeoz < o0, with 2/r=1/2-1/q.

Moreover, the map (ug, vo) — u(t) from H*(R)xH*(R) into (2.13)(2.14) is locally Lipschitz
and

(2.15) veC([0,7]: HY(R)).
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Corollary 2.1. The solutions given by Theorem 2.4 extend to any time interval [0,T]. Moreover,
when s =1/2 and 0 < k < 1/2 there are positive constants C, 3, and v such that

<op”
HUHLT"OH;/Z > )
(2.16)

ol zee mr < llvoll e + et

3. PRELIMINARY ESTIMATES

In this section we collect known results on smoothing effect estimates of free Schrédinger
evolution group.
First we consider the (IVP) associated to the linear Schrédinger equation

(3.1) iﬁtu—i—%Au:O, reR™ t>0,
u(z,0) = uo(x),

whose solution is given by u(z,t) = S(t)uo(x) and S(t) defined in (1.5).
We use the following well-known Strichartz estimates.

Proposition 3.1. If (r1,q1) and (r2,q2) are admissible, then we have the following estimates

(32) IS0l 12 < Cluolz.
t
/ / /
(33) I [ St =060 Iigpr < CIG, 1
and
t
(3.4) | /O S(t = )G )t | gy < CTOHDNGY 0 for =12,

1.1 _ 11
where r2+r§_1 and q2+q§ 1.

Remark 3.1. The estimates (3.2) and (3.3) hold for all dimensions (n). The last estimate
(3.4) is a slight modification of the (3.3) in the cases n = 1,2.

Proof. See Ginibre-Velo [8] for the proof of the first estimate (3.2). For the proof of (3.3) we
can see Ginibre-Velo [8], K. Yajima [16], Cazenave-Weissler [4] and Kato [9]. The last estimate
(3.4) is an immediate consequence of the (3.3). Indeed, we note that

@2 €[2,00] = re>4/n=1r,<4/(4—n) <2, (n=1,2),
{Q2 >2=22>q.
Then, using Holder’s and Minkowski’s inequalities we have
G| v o < T(l/r’z—l/2)HGH , < p/ry=1/2)

L2L? — L2L32 — HGHLZ,%?T’

and hence, (3.4) follows from (3.3). O
In the one dimensional case the main tool to obtain global results is the smoothing effect of

Kato type for solutions of the linear Schrédinger equation. More precisely,



WELL-POSEDNESS FOR THE SCHRODINGER-DEBYE EQUATION 7

Proposition 3.2.

7 1/2
(3.5) sup(/ IDY2S(tpuo(@)Pdt) " < Cluollze,
zeR s
t
(3.6) 1D [ S~ )Gl t) 1z < C G sy
0
and
+oo
t 2 1/2
(3.7) Sup(/ ax/ S(t—1)G(.tyar | )" < C Gl Ly
T€R e 0 e

These estimates were established by Kenig, Ponce and Vega [10, 11].
Proposition 3.3. For any 6 € [0,1], we have

t
(3.8) HD2/2/0 St —t)G(,t)dt || pser2 < CT(lfe)/QHGHLg/(ue)sz

Proof. The estimate (3.8) follows by interpolation (see [1]). O

Next we will prove a series of estimates for the nonlinear terms Fy and Fj defined in (1.6).
Before doing so we will remind some useful results for our purpose.

To handle the nonlinear terms with fractional derivatives, we need the following commutator
estimates deduced by Kenig, Ponce and Vega in [12].

Proposition 3.4. Let a € (0,1), aj, a2 € (0,a), a1 + a2 = a and p,p1,p2,4,q1,92 € (1,00)

with 1%14—}%2:% and q%—i—q%:%. Then we have

(3.9) I1D3(f9) — fDZg — 9D% fllrzps < CIDZ fll o pan [1DZ gl o2 22

Moreover, (3.9) also holds when ¢ =1 and when (p,q) = (1,2).

(3.10) 1Dz (f9) = fD7g — 9D fllzzrz. < Cllfll e pee 1Dzl oz 2 -

(3.11) 1Dz (fg) — fD3g — gDg fllz < CllfllLe D29l -

Proof. See Appendix in [12]. O

Finally we prove the following proposition which will be useful in the proof of Theorems 2.3
and 2.4.

Proposition 3.5. Let Fy(u) define as in (1.6), i.e,

t
Fi(u(t)) = ;u/ e~ T w2t
0

The following statements hold
(i) For s e (0,1) we have

(3.12) ID5F (u)l| s rz < STl Ts oo llull Lo -
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(ii) For s € [1/2,1] we have

(313 IDFVAR@g < @Y T

;,1/2( lulloge s + Nl s o )-

Proof. For the case (i) the norm ||D3F; (u)||L%FL% can be divided into three terms:
IDSF (W)l 2 < +(Aun + Ara + Aug)

where

t t
Ay = || D3 (u / e~ (@) Pdt ) —u / e /D3 (Ju(t)]?)dt!
0 0

t
_ (Diu)/o e—(t—t’)/7|u(t/)|2dt/ HL%L%’

t
Ay = Hu/ 6_(t_t/)/TD;(|’LL(t/)|2)dt, HL;LQa
0 x

t
Arz = ||(Diu) /0 Ot Pt || 1y -

For the first term we apply Proposition 3.4-(3.11) and Hélder’s inequality in the time variable
to get

t
Ay < Cllull g e | /0 e D3 (fu()P)a |1y,

¢
< CT M ulggus| | e Dult) P | e
< OT* | g3 1o | D5 (|0l | 1 12
4
<cr? lull g oo el g oo 1Dzl s
3/2|(, 112 ,
< CT||ullp poo llull nge ms -
A similar argument shows that
Az < CT*P|lull s o llull g 13-
For the last term using Hoélder’s inequality we obtain
¢
Az < C\DiuHLlTLgH/ e Tt Pdt| g ree
0
2
< OT||ull e mg 1wl [l £y e
< CTull oo T2l 3 1
< OT*|lull e mz [ ull s -

Then the above estimates for Aq1, A12 and A;3 give the desired estimate (3.12).
Next we show the case (ii). First we consider the particular case s = 1/2 and we get
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IA

t
f”UHLgL?FH/O et )/T|U(t/)|2dt/ HL%L%O

Cl/2
=

1Fu(w)ll g 22

IN

[ull Lo 2 1wl £y 2

IN

ngﬂHuHL%oL%HUHL4T/3L%HUHL§&L30

IN

gT5/4Hu||%§E’L§HuHL4TLg°'
Now for 1/2 < s <1 we have
”Di_l/zFI(U)\‘LgL% < L(Ag1 + Aoy + Agg)
with
t

t
Agy = | D57V (w [ e ()Pt ) —u / e~ T D=2 (|t ) dt!
0 0

t
. (D;1/2’U,)/ ef(tft/)/r‘u(t/)‘th/ ||L1L2’
0 =T

t
Agy = H(D;—1/2u)/ 6—(t—t/)/r|u(t/)|2dt/ HLlLQT’
0 xT

t
Aoy = |l [ O DI ult) P | 5
0 =T

Proposition 3.4-(3.9), Minkowski’s, Holder’s and Sobolev’s inequalities yield

t
Ao < CHD;/2_1/4UHL4/(3—23)L4/(3—2s) Di/2_1/4 / e_(t_t/)/T’u(t/)Ith/ HL4/(1+23)L4/(23—1)
x T 0 x T

< CT(QS_l)/4HD;/2_1/4U/HL4/(3—23)L4/(3—23)
T x

t

/0 e~/ DS/271/A (g () 2) it HL?/(”QS)L%"
s/2—1/4((, |2

Dy (lul”) HLi/(HQS)LlT

< CT1/2HD;/271/4UHL%OL1/(372S)( 2l 22 HD;/271/4uHLi/(2571>L2T

< CT(25—1)/4HD;/2—1/4UHL4T/(3725>L;1/(3723)

i CHD;/4_1/SUHL§/(5728)L%HD;/4_1/8UHL§/(63*3)L% )

< OTV205 2 gy (2l sz | D20l gy gy €Uy DY

UHL%L%H UHL2TL3 )

< OT*2||ul?

L¥H
From 1/2 < s <1 we have 2 < 4/(2s —1), 2 < 8/(5—2s)and 2 < 8/(6s —3). We have used
this fact to apply Minkowski’s and Sobolev’s inequalities. Next by Holder’s and Minkowski’s
inequalities it follows that

s—1/2 HUHL%’Lg HUHL%OHaSc
xT
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Az < HD?IHUHLWT”|U’2HL3L,}F
< CTl/ZHuHL?H;—W”U”L4T/3L§HUHL‘;L;O
< CT5/4Hu||L%oH;—1/2||U||L%°L';§HUHL‘;LgO-

Finally using Holder’s and Minkowski’s inequalities and Proposition 3.4-(3.11) we have that

Aoz < ||UHL2L2 [ Y2 (fuf? HL2L1

< Tl/z”UHme

HLl L2

< cr Dl

< CT5/4HU||L<>T°L3IIMIIL%OH;—WHUHL;L?-

Collecting the estimates for Ay, Ago and As3 we obtain the desired estimate (3.13). O

4. LOoCAL AND GLOBAL THEORY IN L2(R") x L?(R")

In this section we consider the IVP (1.1) with data ug,vo € L2(R"), n = 1,2,3. Our purpose
is to prove Theorem 2.1. To do so we define an integral operator and a convenient space where
this integral operator turns out to be a contraction operator. Using the contraction mapping
principle we obtain the desired result.

We begin by defining the operator

t
(4.1) O (u)(t) = S(t)uog — z/ S(t—t") (Fo(u(t')) + Fi(ut')))dt’.
0
4.1. Proof of Theorem 2.1. For R > 0 and T > 0 we consider the function space
(4.2) Eff = {ue C((0,T): L*(R"™)) / [lullr < R},
where
(4.3) lullr = ullzgerz + llull js/npa-

It is not difficult to show that EIE is a complete metric space.

It will be established that for appropriate choices of R and T, depending only on 7, ||ug|| 72
and ||vg| 72, that if u € EF then w = ®(u) belongs to EF and ® : Ef — EZ is a contraction
map. Thus most of what follows is the estimation of | ®(u)| 7. We need to bound the nonlinear
term in (4.1).

First, by Proposition 3.1-3.2 and group properties we have that

(4.4) IS#)uollr < Colluoll2-

Now we stimate the norm || - || of the inhomogeneous part in (4.1) corresponding to Fy(u).
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Proposition 3.1-(3.3) with (r1,q1) = (00,2) and (re, q2) = (8/n,4) yields

(4.5) H/ S(t =) Fo(u(t)at |12 < CIEO() /05 175

Again by Proposition 3.1-(3.4), choosing (r1,q1) = (r2,q2) = (8/n,4), it follows that

¢
(4.6) I /0 S(t— t/)FO(u(t/))dt/HLgT/"Lglc < CHFO(U)”LgT/(g_")Li/S'
Using Holder’s and Minkowski’s inequalities we obtain the following:
) 1Eo ()l s/ pass < ||€_t/TUo||L4T/<4—n>L%||U\|L8T/nLi

< T g || 2 ull -
Hence (4.5), (4.6) and (4.7) yield
t

(4.8) |||/O S(t =) Fo(u()dt |- < LT oo | g2 flulr-

Following the same arguments used to obtain (4.5) and (4.6) we get

t t
ISt = RN ez 1| [ 5= ORI ey < Col A yio-n 1

On the other hand, Holder’s and Minkowski’s inequalities give
t
1E ()] sy pass < iHUHL;/nL%H/O e (! )/T!u(t’)Pdt’HL;/@me%

t
< Hull gyrn, T / e () a1z
3 0
4.10 ' '
(410) < Ul oy T sup [/ a3y
7 Lz tejo,17Jo ‘
< lT(4—n)/4Hu|| 8/”L§T(4_n)/4||u”iST/"Lg
< 17Uy,

The last estimate combined with estimate (4.9) implies
t
(4.11) |||/0 S(t = ) Fy(u()dt | < LT ull7.
Hence (4.4), (4.8) and (4.11) yield
Ie(w)ll7 < Colluoll 2 + CLT" ool g2 fullz + T2 Julff:

< Colluo|| g2 + CLTU ™/ 4|vyg || L2 R + LTE-/2R3,
Now we let R = 2Cy||ugl| 2. Therefore fixing T such that

(4.12)

—

(4.13) CLTA ™Yo | 2 + %T(4—n)/2R2 <=

\V)
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we conclude that & : Eﬁ — ECI;L.
Using that

t
Fifu) = Fi(@) =(u—) [ e O
(4.14) ;Y
+ ;a/ e (Gu—a)+a(@—a))dt,

0

a similar argument shows that
o) () = (@)l < CT unl o u—
+ ST (ullg + ulleldle + Jal7) e — @l

Consequently @ : EYE — ETE is a contraction map and hence there exists a unique u € Erﬁ with

O(u) = u.
A standard argument allow us to extend the result to the class
(4.16) Er = C([0,T] : L*(R™)) N L¥™([0,T] : L*(R™)).

Now we notice that by an analogous argument as used to estimate || ®(u)|r and using the
fact that the unique solution u in Ep satisfies u = ®(u), one can show that this solution also
satisfies

(4.17) lull 5 rg < Colluollzz + CrTU vl 2 fJullr + LT ul} < oo,
where (7, ¢) is an admissible pair.

Next we show the persistence property of the solution v(t) in L?. Using (1.2), Minkowski’s
and Holder’s inequalities we have, for ¢ € [0, T], that

t
lo@r2 < llvollz2 + i/ Ol 2 d
0

’

t
(4.18) ot/ _At - (4-n)/4
< Moz + ([ e at ) Yl

0
_ d—n 2
< llvollpe + (%5%) * TTI/4HU||L§/nLg'

Finally we show how to extend the solution to any time 7" > 0. We first note L?-norm of the
solution u(t) is conserved which allows us to extended it to any positive time 7. On the other
hand, (4.18) guarantee that the solution v(t) exists globally in L? and the proof of the Theorem
2.1 is completed.

5. LoCAL AND GLOBAL THEORY IN THE ONE DIMENSIONAL CASE

In this section we will prove Theorem 2.3 and 2.4 regarding local wellposedness for the IVP
(1.3) in fractional Sobolev spaces. We use similar arguments as those given in the proof of
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Theorem 2.1; but here the process is more delicate since we need to handle fractional derivatives.
We also establish the global result advertised in Corollary 2.1.

5.1. Proof of Theorem 2.3. Let s € (0,1) and (up,v9) € H*(R) x H*(R). For T" > 0 and
R > 0 we define

(5.1) XF = fue C(0,T): H'®)) / Julr < R},
where
(5.2) lullr = llullge g + llullza o

and we consider the map

t
(5.3) O (u)(t) = S(t)uo — z/ S(t—t") (Fo(u(t')) + Fi(u(t')))dt’.
0
Now by Proposition 3.1-(3.2) and group properties we have that
(5.4) I1S@uollr < Colluol| -

Proposition 3.1-(3.4) with (r2,¢2) = (4, 00), Holder’s and Minkowski’s inequalities yield

w/St—tfb<>wwmﬂfs0TWw%ﬁmw%@

5.5 B
(5.5) < CTY4|e t/TvoHLgL;oHUHLgL%

< OT**|vo|| g2 Jullr-

Similarly, we obtain

I [ st =R oy

IN

STV By () e
(5.6)

IN

ng/4T5/4HuH%%°L% HUHL‘;L;O

< ST |ull3,
where we have used the proof of the Proposition 3.5-(i¢) when s = 1/2.

Next, we estimate the nonlinear terms involving fractional derivatives. First we estimate the
term corresponding to Fy(u) for the inhomogeneous part of the equation (5.3). For this purpose
we use that

A

HWASWWWM@WMfWAﬂFWW%MWWM

t
< / S(t—1t) D;(e*t/wou) — e YTy Diu — uD;(e*t/wo)} dt’'|| 2

+|’/ S(t—t') (e /v Diu )||L2+||/ S(t —t')(uD3 (e ™v0))ll 12
= By + By + Bs.
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For the first term we apply Minkowski’s inequality, group properties, Proposition 3.4-(3.11),
and Holder’s inequality in the time variable to obtain
By < ||D3 (e wgu) — e TwgDiu — uD;(e_t/Tvo)HLlTL%

<C LIDs —t/T .
55 _Hw?%nge 00)ll 3702
<cr¥ HUHL‘;LgoHDiUO”L?
< CT*|vo| s ull-

Using Proposition 3.1-(3.3) with (r1,q1) = (00, 2) and (r2, g2) = (4, 00) and Holder’s inequality
we have

By < Clle” " voDjull s,
< CT3/4HUOHL2HD;U||L;9L§
< CT3/4IIUOHL2||UHL%°H;

< OT**|vo|| g2 ullr-

(5.9)

A similar argument shows that

B3 < CT3/4HUO||HS||U”L%°L§
(5.10) 3/4
< CT*lvol s [lull7-

Gathering the information in (5.7)-(5.10) we get
¢

(5.11) ||D§/ S(t — ) Fo(u(t"))dt' | ez < CT*|vol| = Jull -
0

On the other hand, for the term corresponding to Fj(u) we use Minkowski’s inequality, group
properties and Proposition 3.5-(i) to get

t
IIDi/ S(t —t)Fy(u(t)dt' ||z < D3 F (u)ll Ly 12
0

(5.12) % T3/2|

IN

!UH%%L;OHUHL%OH;

IN

ST ulff.

Inserting the estimates (5.4)-(5.6) and (5.11)-(5.12) in the integral equation (5.3) it follows
that

I®(w)ll7 < Colluoll = + CLT*|fwoll - llullr + T Jull
< Colluoll s + CLT**||vo|| = R + 2 T3R5,
Now we let R = 2Cy||ugl|grs. Therefore fixing T such that

(5.13)

1
(5.14) ChT3 vl s + LT3/?R? < 3

we conclude that & : Xﬁ — X:,]?.
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Using similar estimates we show that

I®(w) — @@z < C1T**vo| s lu — @l

(5.15) i _ i
+ 2T (Julg + lulrldle + lal7) v — allr.

Consequently @ : XII?‘ — XIE is a contraction map and hence there exists a unique u € XIE with
d(u) = u.
Similarly as was estimated ||®(u)l] 41z and using that the solution satisfies O(u) = u we

obtain the additional regularity in (2.10).
Now we see that the solution v(¢) remains in H®. Indeed, using (1.2), Holder’s inequality and
Proposition 3.4-(3.11), for any ¢ € [0,7] we have

lo()22 + [ D3v (@)l 2

< [leollz> + [ Dyvoll 2 + £ /0 O+ 1 /0 O D 2
(5.16) < floollms + Ll[ulllzs sz + 2ID5 ()L 22

< lvollars + Hlullpg pellul pass o + Sllull g roe 1 D3ul s

< loollirs + ST ull e (Il agorz + 1 D5ull ez ) -

Then the proof of Theorem 2.3 is completed.

Next prove local and global results when s € [1/2,1] and k € I;. Here we use the same
notation as in the proof of Theorem 2.3.

5.2. Proof of Theorem 2.4. First we let § := min{1/4,k —s+1/2} and we apply Proposition
3.3 with 6 = 1 — 26, Proposition 3.4-(3.10) and Minkowski’s, Hélder’s and Sobolev’s inequalities
to obtain

t t
D5 / S(t — ) Fy(u(t))dt'| 2 = | DY/ / S(t — ) (D52 (e ogu))de | 2
0 0

< CT?|| D5~ Y/240 (et ygu) HL;/U_@L%

4 - 5 _
any <O (1D ul s g e Tl

o+ Il 2020 g5 D527 (™ 700) 2057 )
< CT M2 ||wo | o245 [l oo s

< CT V2 |wg | gyl -
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Further by Proposition 3.3 and Proposition 3.5-(i7) we have

t t
|w;/sa—memwﬁmg=Wﬁﬂ/S@—wDyﬂ%uwwmm@
0 0

(5.18) < S|Dy 2R () e
< E(TA+ Tl ool
Therefore we see from (5.4)-(5.6) and (5.17)-(5.18) that
Il ()l
(5.19) < Colluollms + CL(T¥* + TFV2)||wg| e fJullr + (T + T )||U||i%oH;—1/z lluefl-

< Colluollie + Co(T + THH2) oo o R+ (T2 + T )R,
Thus we first choose R = 2Cy||ug||ms and then T satisfying

(5.20) Co(T¥ 4+ T2 ) lwg | i + (%2 + T/ )R < 5.

Then we conclude that @ : XIE — XQE. Similarly as in the previous cases we show that & :
XTE — XJE is a contraction map and hence there exists a unique v € XQE with ®(u) = u.

Now we let (r,q) with ¢ € [2,00] and 2/r = 1/2—1/q. Using (3.5), (3.7), Proposition 3.1-(3.2,
3.4) and that the solution u satisfies u = ®(u), we have

||amu||LgoL% + HUHL}Lg S COHU()HHs—l/Q + 01 (1 + T1/4> HFO(U)”LJICL%
(5.21)
+ 2 (1+TY) IR @)l pys.

Hence, the additional regularities in (2.14) hold.
Finally, using (1.2), Holder’s inequality, and Proposition 3.4-(3.11), for any ¢ € [0, 7] we have

[o(®)22 + [ DEv ()l 2

sHmhrﬂwﬁﬂm+iAkW%Wwwme+iLQ*HWWDﬂw%mmﬂ
(5-22) < Jfuo | g + Elllulll g2 + 21Dl e

< ol + Hlull g reo ol ago o + Gllull g rge I Dl ago o

< llvoll g + gT3/4HUHL4TL;oHUHL§9H;,

where we also have used that k < s (k € I ). Hence v(t) € H* in [0, 7], and we complete the
proof of Theorem 2.3.
Finally we show how to extend the above solutions to any positive time T'.
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5.3. Proof of Corollary 2.1. Let vg € HF k € I, and let [0,7%) be the maximal time
interval on which the Cauchy problem (1.3) has a unique solution v € Xp = C([0,7T] :
H*(R))NL*([0,T] : L>®(R)) for any T < T*. Suppose that T* < oo, we will show that it
leads to contradiction.

First we note that the solution u(z,t) of the IVP (1.3) satisfies ®(u) = w and from (5.19) we
see that

lullr < Colluoll s + Co(T** + T2 ) |fwo | g ullr

+ LT+ T )|l el
T xT

(5.23)

for any T' < T™.
Now we consider two cases:

(i) s=1/2and k €10,1/2].
From (5.23), using the conservation law (2.1) in L? and (5.23) we have that
(5.24) lullz < Colluoll grarz + p(T) [Jullr
where
(5.25) p(T) = Co(T** + T2 )|wol g + L(T?2 + T )||uo| 3.
Hence we can take T € [0, 7] so that u(T) < 1/2 with T depending only on |ugl| ;2 and
llvoll & Then from (5.24) we obtain
(5.26) lullz < 2Colluoll /2
for any 7" € [0, ).
If T'=T", we have that the solution u of the IVP (1.3) can be extended to the time
interval [0, 7] with

sup u(t)[| g2 < 2Co||uoll 172,
te[0,7%]

and we see that it contradicts the maximality of T™. Therefore, suppose that T < T
Let m € N be such that 7% < mT and replace T' by T' = T*/m.
Now consider the Cauchy problem

0, u(D) 4+ 1524,(1) = o—t/7y, (1) e [Fe =t /71,1124
(5.27) z&iu +307ut) = e vo(z) + u [y e |u)2at’
uD(z,T) = u(z,T), = cR.
Uniqueness of solutions yields that
t), tel0,T
(528) u(fa )’ € [Oa ~]7 5
u(z,t), teT,21),
is a solution of IVP (1.3) in [0, 277.
Using that ||ugl/z2 = ||[u(T")||z2 and the same procedure to obtain (5.26), we have
lullr- < max {20 o 72 2C0llu(T) 2

(5.29) )
§ max {2CO||U0||H1/2, 400 ||'LLOHH1/2} .
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(5.30)

(ii)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)
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Then, repeating this process m times, we see that

T* S maX{QC()H’LL(]HHUz, 4CgHUOHH1/2,...., (QCQ)mHuOHHl/Q}

el

which contradicts the maximality of 7. Hence T = 4o00.
Finally, we observe that for any T" > 0 we have

lulr < Q(T) = max {2Cy ol 2, ACE Nl 172, s (2C0)™ ol /2

where m(T) = [%} + 1. Hence, without loss of generality, we may assume that 2Cy > 1
and consequently

el g e < Q(T) < (2C0) ™" |uoll g2,

which gives (2.16) in Corollary (2.1).
1/2<s<land ke ly=(s—1/25s].

Since H® < H'Y?, we may regard the solution as being contained in H'/2. Moreover
[l oo prs—1/2 < Nlull oo prve < QUT).

Again, we suppose that T3 < oo, where [0, T7) is the maximal time interval of existence
of the solution.
Now we put

Qo :=sup {Q(T):T € [0,T7] }.
Then from (5.23) and (5.31) for any T € [0,73) we have
lullr < Colluollzzs + (T ull
where
(1) = Co (T + TV ) ool n + C (T2 + T54)Qf.

Now using (5.33), (5.34), we can choose T, depending only on ||vg ||+ and Qo, sufficiently

small such that u(7T) < 1/2, and consequently
lullr < 2Co][uol| &

for any T" € [0,T)]. Similar to case (i) we get T = +oc0.
Finally, we note that from (5.22) we have that the solution v(t) exists globally in H*.
Then the proof of Theorem 2.4 is completed.

6. LocAL AND GLOBAL THEORY IN H(R") x H((R)"

Here we prove the Theorem 2.2. The proof of this theorem is similar to the proof of Theorem
2.1 so we only give a sketch of its proof.
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6.1. Proof of Theorem 2.2. In this case, we define a new norm as follows:
(6.1) lullz = full g rry + ull psm s + IVl /s

and for R > 0 and T > 0 we consider the function space

(6:2) v = {ue C(0,7): H'®") / Julr < R}.

First, by Proposition 3.1-(3.2) and group properties we have that

(6.3) 1S(®uollr < Colluoll -

Since the norm ||®(u)|pserz + [[®(w)]| 8/n,, was estimated in the proof of Theorem 2.1, we
T T =

only need estimate the terms involving gradients.
Similarly as was obtained the estimates (4.8) and (4.11) we obtain

t
IV [ St = RNy < CITR -0
(6.4) < CT ol s (ful ey + 1Vl oo )
< OTU= ool

and

t
IV [0~ RO ey < CITE g0

< ST ey el
Hence, from (6.3)-(6.5) we have

(6.6) [ < Colluolla + CrT ™ lvoll g fullz + %T(“’”)/ZHUHisT/m [,

and the rest of the proof of our local result is standard.

Now we extends the above solution to any positive time 7.

We suppose the maximal time interval of existence of the solution, [0,77], is finite. Using
)

that our solution satisfies the integral equation ®(u) = u and estimate (6.6), we have
(6.7) [ullr < Colluollr + (D) lullr for T € [0,77],
where
(6.8) w(T) = LT oo g+ LT )2y, -
T T

But we may regard the solution as being contained in L?, then using Theorem 2.1 we see that
the norm |[ul|,s/n , is controlled globally by a constant. Similarly to the proof of Corollary 2.1,
T x

this fact yield a contradiction with 7" < co. Then the proof of Theorem 2.2 is completed.
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